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ABS'PRA_CIC. The  thermal  radiation  properties  of a surface  can 
be  characterized  by  its  emission  and  reflection  coefficients. 
An experimental  apparatus  is  described  for  measuring  the re- 
flection  coefficient as a function  of  the  incident  and  re- 
flected  directions. All directional  distributions from the 
purely  specular  to  the  strongly  scattering  were  found  by 
superposition  of  purely  specular  and  diffuse  results. A good 
approximation was found  for  the  tests on concentric  spheres. 
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DIRECTIONAL  DISTRIEiWION I N  THE REFIXCTION OF HEAT 

RADIATION AND ITS EFFECT ON HEAT TWSFER* 

By Benjamin  Miich 

INTRODUCTION 

I f  two or more surfaces  a t  different   temperatures  exchange heat by radia- 
t ion,   the  amounts  of  energy t r a n s f e r r e d  depend both on the  geometric  arrangement 
and on the   rad ia t ion   proper t ies  of t he   pa r t i c ipa t ing   su r f aces .  If the  surfaces  
a r e   o n l y   s l i g h t l y   r e f l e c t i n g ,   t h a t  is, approximately a blackbody i n   t h e i r  prop- 
e r t ies ,   on ly   the   d i rec t   emiss ion   needs   to  be considered i n  computing the  heat 
t r a n s f e r .  The cont r ibu t ion   of   the   re f lec ted   rad ia t ion  may be neglected.  This 
wel l  known simplif icat ion,  known as the  Nusselt  approximation, makes it possible 
t o   t r e a t  even  very  complicated  geometric  arrangements  with  reasonable computa- 
t i ona l   l abo r .  However, the  often  required  computation of t he   r e f l ec t ions  i s  
t r e a t e d   i n   t h e   l i t e r a t u r e   f o r   o n l y  a few rather  simple  cases  such as p a r a l l e l  
plates,   and  concentric,   spherical ,   and  cylindrical   surfaces.  Here, almost  with- 
out   except ion,   the   ref lect ions  are   t reated  l ike  emissions  in   that   the  same di-  
r e c t i o n a l   d i s t r i b u t i o n   ( t h e  Lambert cosine l a w ) ,  i s  assumed for  both  emission 
and r e f l e c t i o n .  

The problem  of  the  radiation  exchange  between  eccentric  spherical  surfaces 
had  been  studied some years  ago a t  t h e   I n s t i t u t e   f o r  Thermodynamics and Combus- 
t ion  Engines of the  Swiss  Technical  Institute.  Approximation  computations, which 
s imi l a r ly  assume t h e   r e f l e c t i o n s   t o  obey the Lambert cosine l a w  while  they  take 
i n t o   a c c o u n t   t h e i r   l o c a l   d i s t r i b u t i o n  on the  surface,  have  been car r ied   ou t  by 
Eichelberg  and H. H. O t t  ( r e f .  8 ) .  The r e s u l t s   a r e   i n  good q u a l i t a t i v e  agreement 
with  those  obtained  in  section 4. I n  accordance  with  these  results,   the  heat 
t r a n s f e r  must decrease i f   t he   sphe r i ca l   su r f aces   a r e   b rough t  from the  concentric 
t o  an  eccentr ic   posi t ion.  On the   cont ra ry ,   t es t s   conducted   in  1949  by K. Else r  
( r e f .  7 )  showed an  increase  of   the  heat   t ransfer   with  increasing  eccentr ic i ty .  
This was a l so   found   t o  be t r u e  when using  mat te ,   d i f fusely  ref lect ing  surfaces  
f o r  which it w a s  bel ieved  that   the   assumptions  of   the  calculat ion were s a t i s f i e d .  
The q u a l i t a t i v e l y   d i f f e r e n t   r e s u l t  of the  experiment makes it appear   l ike ly   tha t  
no t   on ly   the   loca l   d i s t r ibu t ion   of   the   re f lec t ions   bu t   a l so   the i r   d i s t r ibu t ion  
of direction  plays  an  important  part .  

Measurements  of t h e   r e f l e c t i o n s  and t h e i r   d i r e c t i o n a l   d i s t r i b u t i o n s  of 

""Die Richtungsverteilung  bei  der  Reflexion von Wgrmestrahlung und ihr   E in-  
fluss auf die  W6rmeiibertrangung. 'I Mitteilung Nr. 16, I n s t i t u t  fijr Thermodynamik 
und Verbrennungsmotorenbau  an der  Eidgenossischen  Technischen  Hochschule, Z i i c h ,  
1955. 
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energy  were  conducted  by E. Ecker t   ( re f .  3), with  emission  temperatures  between 
273.40 and 2800 C and  with  the  incident  radiation  predominantly  normal t o  t he  
surface. The measurements, described i n  t h e  f i rs t  sec t ion   of   th i s   repor t ,  of 
t h e   d i r e c t i o n a l   d i s t r i b u t i o n  of t h e   r e f l e c t i o n s  go i n t o  more d e t a i l  on the  de- 
pendence on the  incident   angle  of t he   r ad ia t ion .  The emission  temperatures em- 
ployed are higher  throughout  than  those  of  Eckert and generally  vary  between 
500° and 1000° C. This has  the  advantage, i n  regard  to   the  measuring  technique,  
t ha t   g rea t e r   r ad ia t ion   ene rg ie s  are ava i l ab le  and, consequently,  the  aperture 
angle  of  the  bundle  of  rays  used  can  be made smaller. 

The theoret ical   computat ions,   g iven  in   sect ions 2 t o  4, are   for   the  purpose 
of  applying  the  obtained  results  to  the  determination  of  the  heat  exchange.  Fi-  
nally,  i n  s ec t ion  5, t he   r e su l t s   a r e   expe r imen ta l ly   t e s t ed   fo r   t he  example  of 
eccentr ic   spherical   surfaces .  

The present work r e fe r s   on ly   t o   t he   t o t a l   r ad ia t ion   emi t t ed  by a surface 
t h a t  i s  composed of the  various  wavelengths  of  the  spectrum. The r ad ia t ing  sur- 
faces  are  always  (except as noted i n  sect ions 11 and 15) assumed as gray  radia- 
t o r s  whose emission i s  p ropor t iona l   t o   t he   fou r th  power of the  absolute  tempera- 
ture,  according  to  the  Stefan-Boltzmann law.  I n  accordance  with  the  usual  prac- 
t i c e   f o r   t e c h n i c a l  Computations  of  radiation  exchange,  the  deviations  from  the 
gray  radiator  assumptions  are  taken  into  account by  assuming the  radiat ion  prop-  
e r t i e s   ( e m i s s i o n   a n d   r e f l e c t i o n   c o e f f i c i e n t s )   t o  be  dependent on the  temperature. 

1. DIRFCTIONAL DISTFCIBUTION  OF  IIEFLIZCTIONS, DETERMINATION 

OF ABSORPTION  COEFFICIENTS THROUGH MEASUFZNENT 

OF REFLECTION  COEFFICIENTS 

11. Emission  and  Reflection  Magnitudes 

According t o   t h e  Stefan-Boltzmann law,  a heated  surface  gives   off   the   total  
radiat ion  energy 

E = €ES = E C  

per unit surface  per  unit   t ime. Here Cs  denotes  the  radiation  constant  of a 
blackbody, T i s  the  absolute  temperature  in OK, and   the   emiss ion   ra t io   o r  emis- 
s ion   coef f ic ien t  E i s  t h e   r a t i o  of t h e   t o t a l   r a d i a t i o n  of the  surface  under 
cons idera t ion   to   the   rad ia t ion .  of the  blackbody,  referred t o  a l l  wavelengths  and 
d i r ec t ions  of  space.   For  the  radiation  per  unit   surface and un i t   so l id   ang le  
emitted a t  angle v to   the  surface  normal   there   are   def ined  an E,, and, i n  
p a r t i c u l a r   f o r   t h e   d i r e c t i o n  of the  normal to   the   sur face ,   an  E ~ :  

E, = E  E,, 
V S  7 

En = E 
ns J 
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The subscr ipt  s r e f e r s   t o   t h e  blackbody,  the  subscript v t o   t h e   a n g l e  v be- 
tween the  direction  of  the  emission  and  the  surface  normal. The emission of a 
blackbody i s  d i s t r ibu ted ,   acco rd ing   t o   t he  Lambert cosine law, as 

and  always  forms  an  upper limit for   the   emiss ion  of a sur face   rad ia t ing  due t o  
i t s  temperature  alone. If $ denotes  the  angle of rotation  about  the  surface 
normal, the  solid  angle  element i s  given  by 

= s i n  v d v  d$ 

and, by in tegra t ion   over  a l l  d i r e c t i o n s  of the   ha l f - space ,   the   to ta l   rad ia t ion  
i s  

E = f E v  dll 

With account  taken  of  equation (3)  the re  i s  obtained  for  a blackbody 

E, = T~E, 
S 

and f ina l ly ,   fo r   t he   emis s ion   r a t io   o f   t he   t o t a l   r ad ia t ion ,  

E = 1*'2 E, s in (  2 v ) d v  

I f   hea t   r ad ia t ion  f a l l s  on a nonblackbody i n   t h e   d i r e c t i o n  E, as shown i n  
f igure 1, the  nonabsorbed  energy i s  i n   g e n e r a l   r e f l e c t e d   i n  a l l  direct ions  of   the  
half-space.   In   f igure 1, E denotes  the  ray  with  angle  of  incidence v .  t o   t h e  
surface  normal n and r a r e f l ec t ed   r ay  whose d i r ec t ion  i s  f i x e d  by the  angles 
of r e f l e c t i o n  p and q .  If E, i s  the  incident  energy  per unit surface, R, 
t he   t o t a l   r e f l ec t ed   ene rgy   pe r   un i t   su r f ace  and Rvpq  the   re f lec ted   energy   per  
un i t   sur face  and unit so l id   ang le   i n   t he   d i r ec t ion  r we def ine   the   re f lec t ion  
coeff ic ient ,   referred  to   the  angle   of   incidence v and  the  angles  of  reflec- 
t i o n  IJ. and $, as 

The double  integration  over a l l  re f lec t ion   d i rec t ions   o f   the   ha l f - space   g ives   the  
r e f l ec t ion   coe f f i c i en t   co r re spond ing   t o   t he   d i r ec t ion  of  incidence I, 
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, Unit  sphere 

Figure 1. - Direction of incidence and 
r e f l e c t i o n .  

If p ’  i s  constant  over a l l  direct ions,  p,, and p ’  are  of t he  same magnitude. 
The double  integral ,   equation ( 6 )  is ,  for   the  purpose of  determining pv from 
measured r e f l ec t ion   coe f f i c i en t s  p’ ,  separa ted   in to  two simple  integrals:  

The Xirchhoff l a w ,  which  follows  from  the  second  principle  of  thermody- 
namics, comects  the  emission and reflection  magnitudes  with  each  other,  Im-  
agine  having two surface  elements  in a b lack   cav i ty   accord ing   to   f igure  2: t he  
one element dF1 w i t h  the  emission  coeff ic ient  E,, and r e f l e c t i o n   c o e f f i c i e n t  
p, i n  the   d i rec t ion  v; the  second  element dF2 with E,,! and pVr i n   t h e   d i -  
r ec t ion  v’. The cavi ty  and t h e  two surface  elements  have  the same temperature. 
From dF1 there  i s  emi t ted   the   rad ia t ion  

dFlE, = dFIEns COS v E,, 

O f  t h i s   r a d i a t i o n   t h e   f r a c t i o n  

m1 B 2  
r 2  

dFIEv dl;2 = Ens cos v COS v ’  E,, 

4 



Figure 2 .  - For  proving  Kirchhoff ' a  l a w .  

strikes  the  surface  element dF2, t ha t   abso rbs   t h i s  amount mul t ip l i ed  by 1 - p , ~ .  

Hence, dF2 receives  from dF1 the  energy  stream 

dF1 a 2  
r 2  

~ Q E  Ens cos v cos v' €Jl - PV'  ) 

The emission  from dF2 l eads   t o   t he   r ad ia t ion   hea t  dQ2l  t r a n s f e r r e d   t o  dF1. 
The expression  for  it i s  obtained  from  the  formula  for dQ12 by  interchanging 
the  subscr ipts  v and v' and d i f f e r s  from it only  through  the las t  two fac- 
t o r s .  The second  pr inciple   forbids   the  heat  exchange  between two bodies  of 
equal  temperature  and  therefore  requires  dQl2 = dQ21. From t h i s   fo l lows   t he  
condition 

and when the  surface  element dF2 i s  a blackbody 

The resu l t ,   accord ing   to  which the  emission  coeff ic ient  must  be e q u a l   t o   t h e  ab- 
sorp t ion   coef f ic ien t  1 - pv fo r   eve ry   d i r ec t ion  of  emission, we shal l   denote  
as the   d i f fe ren t ia l   Ki rchhoff  law, i n   c o n t r a s t   t o   t h e   l e s s   g e n e r a l   r e l a t i o n  

obtained from  equation (8)  through  integration  and which i s  normally  denoted as 
Kirchhoff 's  l a w  and requires   the  equal i ty   of   the   emission  and  absorpt ion  coeff i -  
c i en t s   o f   t he   t o t a l   r ad ia t ion .  The l a w  of  equation (8), according t o   t h e  assump- 
t ions  of   the   proof ,   holds   for   every  surface,   including a nongray r ad ia to r .  It 
ho lds   w i thou t   r e s t r i c t ion   fo r   t he   g ray   r ad ia to r  (whose emission  and  absorption 
coeff ic ients   are   independent   of   the   temperature)  upon which  gray  radiation of 
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corresponding  temperature falls. Since  nothing  must  be assumed as t o   t h e  emis- 
sion  temperature it also  holds   for   each  individual   wavelength of t he  spectrum. 

According t o  %he d i f f e ren t i a l   K i rchhof f ' s  l a w  no  surface  can  emit i n  any d i -  
r e c t i o n  more than  the  blackbody,  that is, E,, can  never  be  greater  than 1. It 
i s  s i g n i f i c a n t   t o  compare the   d i rec t iona l   d i s t r ibu t ion   of   the   emiss ions   wi th   the  
Lambert cosine l a w  t h a t   h o l d s   f o r   t h e   d i r e c t i o n a l   d i s t r i b u t i o n   o f   t h e  upper 
l imi t ,  namely the  blackbody.   For   the  ref lect ion  coeff ic ient  p '  t he re  i s  no 
such limit. It may become a r b i t r a r i l y   l a r g e   f o r   i n d i v i d u a l   d i r e c t i o n s  and i t s  
def ini t ion  does  not  depend on the Lambert cosine l a w .  

1 2 .  Apparatus  for  Determining  Reflection  Coefficients 

For   measuring  the  ref lect ion  coeff ic ients  p '  on a sur face   tha t  i s  i n  the 
form  of a t e s t   p l a t e ,   t h e   l a t t e r  i s  i r r a d i a t e d  by a radiat ion  source  with  def-  
i n i t e   i n t e n s i t y  and a t  a given  angle  of  incidence. A radiation  measuring  ap- 
p a r a t u s   r e c e i v e s   t h e   r e f l e c t i o n s   i n  a small so l id   ang le   i n t e rva l   i n   t he   des i r ed  
d i rec t ion   of   re f lec t ion .  

Figure 3 shows the  design  of  the  experimental  setup. The stand 1 c a r r i e s  
on i t s  f ixed  arm 2, formed l i k e  an  "opt ical   bench,"   the  cavi ty   radiator  4 as a 
radiation  source.  The interchangeable  diaphragm 5 with  the  c i rcular   cross   sec-  
t i o n  F2 has  an  aperture  of  diameter  of 10, 20, o r  40 mil l imeters  and together  
with  the  adjustable   dis tance r l  ( f o r   t h e   t e s t s  '1 was equa l   t o  40 or 60 cm) 
determines  the  energy  stream  that f a l l s  per   un i t   a rea  on t h e   t e s t   p l a t e  9. The 
arm 3, which  can  swing  out i n   t h e   d i r e c t i o n   o f   t h e  arrow, c a r r i e s   t h e  vacuum 
thermocouple 1 7  as a radiation  measuring  instrument.   For  quantitatively  regu- 
l a t i n g   t h e   r a d i a t i o n   o u t p u t   t o  be  measured the  rectangular  diaphragm 1 4  and  the 
diaphragm 1 6  with  the  c i rcular   cross   sect ion  F3  are   used  (diameter  of aper ture  
20 or 40 mm). Both  diaphragms  are  interchangeable  and  are a t  the   f ixed   d i s tance  
r 2  = 87.5  centimeters  from  each  other.   For  interrupting  the  radiated  energy 
s t rean,   screen  s l ide 7 i s  used.  This  sl ide  shuts  off   the  cavity  radiator  di-  
r ec t ly ,  and  the  valve 13, which (as protection  against   an  undesired  overstressing 
of t he  vacuum thermocouple) i s  normally  closed, i s  ra ised  during  the measurement 
by means of a photo  release  lever.  The desired  angles  of  incidence and r e f l e c -  
t i o n  can  be  adjusted  by  deflecting  the arm 3 (angle   scale  on the  stand)  and by 
r o t a t i n g   t h e   t e s t   p l a t e   a b o u t   t h e   v e r t i c a l   a x i s   ( i n d i c a t o r  11 and c i r cu la r   s ca l e  
on the  cover  of  the  stand).  Furthermore,  the  plate 9 can  be  deflected  in  the 
a r c  10 ( ro ta t ion   about  a horizontal   axis) .  

The rad ia t ion   pro tec t ive   tunnels  6 and 15 and  jacket  sheet  metal 1 2  screen 
of f   the   rad ia t ion   to   the   ou ts ide .  The numerous intermediate  screens  and  the 
a u x i l i a r y  diaphragm 8, which r e s t r i c t s   t h e   i n c i d e n t  beam t o  a minimal  required 
diameter,   prevent  the  falsifying of the measurement  by d i s tu rb ing   r e f l ec t ions  a t  
t he  wall. The jacket of the  cavity  radiator,   diaphragms 5 and 8, t h e   t e s t   p l a t e  
and a par t   of   the   radiat ion  screens 6 are  water-cooled. 

The e l ec t r i ca l ly   hea t ed   r ad ia t ion   sou rce   ( f ig .  4) i s  designed  for  a maximum 
emission  temperature of 1000° C. The rad ia t ing   par t   cons is t s   o f   the   ho l low body 
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Figure 3. - Apparatus  for  determining  reflection coefficients. 



Figure 4. - Section  through  radiation  source.  

1, whose inner  surface i s  grooved for the  purpose  of more nearly  approximating 
a blackbody and was prepared  f rom  the  s teat i te   mater ia l   "calors tea"  of t he  Swiss 
I s o l a  Works of  Breitenbach. The hea t ing   co i l  2 of canthal  wire i s  embedded i n  
t h e  cement jacket 3 and i s  made up of  4 p a r t i a l   c o i l s  whose loading  can be  regu- 
l a t ed   w i th   t he   a id  of  series-connected  resistances so t h a t   t h e   c a v i t y   r a d i a t o r  
assumes the  desired  steady  temperature  constant  over  the  entire  length  within 
about *loo C. The temperature i s  measured with  the  three  platinum-platinum 
rhodium  thermocouples 5 which, with  s t re tched  s ides ,  were  cemented i n t o  a groove 
of the  hollow body 1. The cold  soldered  joints  were s i tuated  near   the  switch 
panel on the  rear   s ide  of   the   radiator   and were  approximately a t  room tempera- 
ture .  The temperature  measured  with  the  rearmost  thermocouple  serves as the  
emission  temperature  of  the  blackbody. The measurement  need  be accurate  only 
t o  5O C since  the  emission  temperature i s  required  only as a parameter. The 
heated  par t  of t h e   r a d i a t o r  i s  surrounded  by  an  asbestos  insulation  and by the 
water-cooled  jacket 4. The heating and thermocouple  wires  were led   ou t  on the 
rear   s ide  on a switch  panel. 

The  vacuum thermocouple 17 ( f i g .  3), from t h e  firm of Kipp  and  Sons i n  
Delft  (Holland),  contains a r ad ia t ion   r ece ive r  two 0.1 millimeter-wide  thermo- 
couples and 0.001 millimeter-thick  band-shaped  manganin-constantan  thermocouples 
(thermocouple  voltage  about 4 .1  mV/lOOo C )  i n  the  arrangement  indicated i n  f i g -  
ure 5, where the  dimensions  are  given  under  the  dimension  lines. The two thermo- 
couples  are  connected  in  opposition i f  the  thermoelectr ic   vol tage i s  tapped  off 
the  terminals K1 and K2; one receives   the  radiat ion  while   the  other  forms the 
co ld   jo in t  f o r  eliminating  the  instrument  temperature. The a d j u s t a b l e   e l l i p t i c a l  
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mirror 19, wi th   the   foca l   l engths  35  and  285  millimeters,  concentrates  the radia- 
t ion   near   the   so ldered   jo in t  of one of  the two thermocouples. The mirror (with 
r g  = 875 mm) forms  an image of  the  manganin-constantan  strips  enlarged 28.8-14 
t imes   ( f ig .  3). For example, i f  t h e  diaphragm 14  has  an  aperture  of  height 
B = 20 mil l imeters ,   the   port ion of the  thermocouple  indicated by the  hatched 
p a r t   i n   f i g u r e  5 i s  acted upon. The e f f e c t i v e   a r e a  F2 (aperture  cross  see.  
of  diaphragm 14)  i s  then 2.9 X 20 millimeters  squared. The interchangeable 
diaphragms 14  a r e  a l l  10 mil l imeters  wide  and  have var ious  heights  B (from 0.5 
t o  20 mm). The thermoelectric  voltage i s  not   accura te ly   p ropor t iona l   to  F2 be- 
cause  the  sensitivity  of  the  measuring  system  depends t o  some extent  on the i m -  
pingement  width B. The diaphragms  must therefore  be compared with  each  other 
i n  a checking  experiment in   o rder   to   de te rmine   the   ra t ios   o f   the  measurement 
readings  for  any  two d i f fe ren t   aper tures  F2 (determination  of  the  diaphragm 
r a t i o s  F$/Fz, see  sec. 13). 

The measuring  system i s  enc losed   in   the  small tube 18 ( f i g .  3) and, f o r   t h e  
purpose  of  raising i t s  s e n s i t i v i t y  by  excluding  the  heat  conduction  of  the  sur- 
rounding air ,  i s  p l aced   i n  a high vacuum. A rock sa l t  window t h a t   s u f f i c i e n t l y  
passes a l l  wavelengths  between 2000 A and 1 6  p provides  the vacuum sealing. A 
mercury d i f fus ion  pump, which i s  connected t o  a ro t a ry  pump for   producing  the 
prevacuum, furnishes   the  high vacuum. Connected i n   s e r i e s   w i t h  it i s  a l i q u i d  
a i r -cooled   co ld   t rap  which  serves to  freeze  out  the  condensable  vapors,  espe- 
c i a l l y   t h e  mercury  vapors. The high vacuum i s  conducted t o   t h e  small tube 18, 
over a neoprene  hose  and  the  glass  tube 20. 

The s e n s i t i v i t y  of the vacuum thermocouple  during  the  measurements was 
about 7 pV/pW when evacuated  and  about  0.5 pV/kW without vacuum. 

A mirror  galvanometer  with  high  voltage  sensitivity  measured  the  thermo- 
e lec t r ic   vo l tage .  For a l ight   pointer   length  of   2 .5   mil l imeters  a scale  read- 
ing of 53 mm/pV was obtained.  Therefore,  radiation powers  of 0.1 pW could s t i l l  
be  accurately measured,  while  those  of 0.01 pW could be estimated. The measur- 
ing  instrument  constructed as a dual  coil  galvanometer is ,  with i t s  c o i l  of 
50 R internal   res is tance,   connected  over  a shunt box S, shown i n   f i g u r e  6. 
The shunt box permits  the  reduction of t h e   s e n s i t i v i t y  by the   f ac to r s   i nd ica t ed  
whereby the   res i s tance  of the  galvanometer  with  shunt i s  always 50 R. Further- 
more, i n   t h e  galvanometer c i r c u i t   t h e r e  i s  the   r e s i s t ance  R1 of 0 . 1  of t he  
ca l ib ra t ion  box E. R1 together   with R2 are   par t   of  a vo l t age   d iv ide r   t o  
which a voltage  of 2 v o l t s  from a s torage   ba t te ry  i s  applied  by  closing  the 
switch P. The voltage  drop  over  the  resistance R1 i s  0.0001 V and i s  i n t r o -  
duced i n   t h e  galvanometer c i r c u i t  as calibration  voltage.   Thereby  the  sensi-  
t i v i t y  of  the  galvanometer  can be  checked  each  time. 

13.  Measuring  Procedure 

The measurements  of t h e   r e f l e c t i o n   c o e f f i c i e n t s  were conducted as r e l a t i v e  
measurements  through  comparison  of  the  reflected amounts  of rad ia t ion   wi th  a 
measurement  of t he   emis s ion   ou tpu t   ( ca l ib ra t ion ) .   In   t h i s  way the  temperature 

9 



E F 

- 26 
7 0#9 

F i g u r e  5. - M e a s u r i n g   s y s t e m  of  
vacuum  the rmocoup le .  

T I 1  

S 

t 
P 
-\ 

E 

F i g u r e  6. - C i r c u i t   d i a g r a m  of g a l v a n o m e t e r   c i r c u i t .  



of the   rad ia t ion   source ,   the   sens i t iv i t ies   o f   the   thermocouples  and the  gal-  
vanometer  and several  geometric  magnitudes were eliminated  from  the  formulas 
for   the  evaluat ion.  

Figure 7 shows a geometric scheme of the  apparatus.   F1 and F3  denote 
the   aper ture   c ross   sec t ions  of t h e  diaphragms  beyond the   ho le   rad ia tor  and 
ahead  of t he  vacuum thermocouple  and F2 i s  the   e f f ec t ive   ape r tu re  of the   rec-  
tangular  diaphragm. The opt ica l   axes  of the  radiator   and of t he  vacuum thermo- 
couple  and  the  surface  normal n o f   t h e   t e s t   p l a t e  need  not (as drawn i n   t h e  
f igu re ) ,  f a l l  i n   t h e  same plane. 

For   ca l ibra t ing   the   rad ia t ion   source  and the  measuring  apparatus  the swiv- 
e l i n g  arm 3 i s  brought   into  the  extended  posi t ion shown i n   f i g u r e  3 and t h e   t e s t  
p l a t e  drawn up h i g h   i n   t h e   s t a n d   i n   t h e   d i r e c t i o n  of t h e  arrow. The r ad ia to r  
with  the  large  diaphragm  F1 ( 4 0  mm diam. ) i s  s h i f t e d  so near  the  diaphragm F2 
t h a t  from  each  point  of  the  diaphragm  aperture F3 behind  the  aperture F2 only 
the  emit t ing  surface of the  blackbody  can  be  seen. The emission  energy  of  the 
r ad ia to r  i s  

i f  i t s  emission  coefficient i s  assumed t o  be 1. With 

as s o l i d   a n g l e   r a t i o   f o r   t h e   r a d i a t i o n  exchange  from F2 t o  F3. Fi as effec-  
t ive  aper ture   of   the   rectangular   diaphragm  during  the  cal ibrat ion  the  energy 
s t ream  fa l l ing  on the  thermocouple, i s  obtained 

During  the measurement the  blackbody 
amount of r ad ia t ion  

F, COS v 
E,, = E, I 

Xrl 
2 

f a l l s  on t h e   t e s t   p l a t e   t h a t   r e f l e c t s   t h e  

L 

emits 

as 

( 9 )  

the   rad ia t ion   ou tput  EeF1. The 

( w a t t  /em2 ) 

portion R, = E,p,. The r ad ia t ion  
emi t ted   per   un i t   a rea   and   un i t   so l id   angle  i n  the   re f lec t ion   d i rec t ion   cons id-  
ered becomes 

P'E, 
R V P k  = 27c 
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Figure 7 .  - 

Since   F~ /COS p i s  the   a r ea  of 
strument  and  the  diaphragm  F3 
phragm subtends  the  sol id   angle  

Tes t   p l a t e  

_"""" 

Thermocouple 

u 
komet r i c  scheme of  apparatus.  

t h e   t e s t   p l a t e  as viewed from the  measuring in-  
a t   t h e   d i s t a n c e  '2 from the   rec tangular   d ia -  
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Figure 8. - Direc t iona l   d i s t r ibu t ion  of p'  f o r  white 
typewriting  paper,  emission  temperature, 905' C; 
V = 300; $ = 0 .  

The formula  required  for  the  evaluation 

follows  from  comparing  figures 9 and 10 and   ho lds   on ly   for   d i f fuse   re f lec tors .  
The a p p l i c a b i l i t y  can  be tes ted  through  obtaining  the same value p '  with al- 
tered  geometric  parameters F1 and '1. The presence  of   dif fuse  ref lect ion i s  
also  recognizable by the  naked  eye i f  the   hea t   rad ia t ion  employed contains  an 
appreciable  part  of visible  wavelengths,   that  is, if   the  emission  temperature 
l i e s  above 600' C, f o r  example. On t h e   t e s t   p l a t e   t h e r e  i s  then  seen a reddish 
shimmer, not   sharply  def ined,   that   appears   to  be lodged in   t he   su r f ace .  

The s p e c u l a r   r e f l e c t o r s   r e f l e c t   o n l y   i n  a d i r e c t i o n   t h a t  i s  given  by  the 
equa l i ty  of the  angle  of  incidence v and  angle  of  reflection p and by $ = 0. 
The visual   observat ion shows a sharp  mirror image  of the  radiat ion  source  with 
the  diaphragm  aperture F1 on t h e   t e s t   p l a t e .  The spec i f ica t ion   of  p *  has  no 
purpose   here   s ince   for   the   par t icu lar   d i rec t ion  of the   mir ror   re f lec t ion ,  p '  i s  
i n f i n i t e l y   g r e a t ;   f o r  a l l  other   direct ions  of   the   half-space it becomes zero i n  

13 



Figure 9 .  - Relation  between  angles  introduced. 

s lxh  manner tha t   the   double   in tegra l   equa t ion  ( 6 )  g ives   the   cor rec t   va lue   for  
t h e   r e f l e c t i o n   c o e f f i c i e n t  pv. For r e f l ec to r s ,  pv can  be  determined  by a sin- 
g l e  measurement for   each  angle  of  incidence. The diaphragm  aperture F1 must 
be  chosen so la rge   and   for  '1 so small t h a t  from  each  point of the   aper ture  F3 
behind  the  rectangular  diaphragm  only a piece  of   the  mirror  image of   the whole 
r a d i a t o r  can  be  seen. The mirror image of  the  blackbody  i l luminates more weakly 
than  the  blackbody  i tself   by  the  factor  pv and   t he   r ad ia t ion   f a l l i ng  on the  
thermocouple  during  the measurement i s  
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P" 

Figure 10. - Direc t iona l   d i s t r ibu t ion  of r e f l e c t i o n   c o e f f i c i e n t  
in  incident  plane  for  white  paper;  emission  temperatures, 535' 
and 905' C .  

Comparison w i t h  equation ( 9 )  gives   the  formula  for   the  ref lect ion  coeff ic ient  p,, 
fo r   specular   re f lec t ion :  

The experimental   cr i ter ion  for   the  presence of specu la r   r e f l ec t ion  i s  the  inde- 
pendence  of t h e  measured  reading &m on F1 and r1 provided F1 i s  chosen 
su f f i c i en t ly   l a rge   and  rl i s  chosen   suf f ic ien t ly  small. 

For t h e  measurements  on specu la r   r e f l ec to r s  no evacuation  of  the  thermocou- 
p l e  i s  required  s ince i t s  s e n s i t i v i t y  i s  s u f f i c i e n t   f o r   t h i s  purpose. The value 
of general ly   l ies   in   the  neighborhood of 0.9 so t h a t  Fk = F2 w a s  chosen 
i n   t h e   t e s t s .  Readings f o r  &m and (& of the same order  of  magnitude  are  then 
obtained. 
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On the  contrary,   for   dif fuse  ref lectors ,   the   radiat ion  measuring  instrument  
must  be  evacuated i n   o r d e r   t o   u t i l i z e  i t s  f u l l  s e n s i t i v i t y .  AS a r u l e   t h e  
measured  energy  streams  for &m f luc tua ted  between 0.1 and 1 pW; f o r  &e, ap- 
proximately 10 pW. 

In   the  evaluat ion  formulas  (11) and (13) the  galvanometer  deflections  can 
be d i r e c t l y   s u b s t i t u t e d   i n   p l a c e  of the   rad ia t ion   energ ies  &m and Qe, since 
the   ca l ib ra t ion   cons t an t s  of the   ins t ruments   a re   d iv ided   ou t .   In   the  development 
o f   t he   t e s t  program  about  10 t e s t   p o i n t s  were taken  each  time  between two C a l i -  
brations  in  regular  t ime  sequence.  Voltage  f luctuations of the   supply   l ine  and 
other  effects  caused  the  emission  output of the  blackbody t o   f l u c t u a t e  somewhat 
so t h a t   t h e  two cal ibrat ions  general ly   differed.   According  to   the  measuring ex- 
per iences   the   rad ia t ion   ou tput   reac ts  so i n e r t l y  on the   d i s turbance   fac tors  t ha t  
the i r   t ime  var ia t ion  may be  assumed as l inear   provided  the  t ime  interval   between 
the  calibrations  does  not  exceed  about 20 minutes. The ca l ib ra t ion   va lues  Qe 
corresponding to  the  measuring  points may t h u s  be  obtained  by  l inear  interpola- 
t ion.  

The measurements on t h e   i n v e s t i g a t e d   d i f f u s e   r e f l e c t o r s   u s u a l l y   r e f e r   t o  
t he   i nc iden t   d i r ec t ions  which,  formed in  the  plane  through  the  incidence  direc- 
t i o n  and  the  surface  normal, l i e   i n   t he   i nc idence   p l ane .  The incidence  plane i s  
distinguished  by  the  value + = 0 or 180° ( f i g .  1). The d i r e c t i o n a l   d i s t r i b u -  
t i o n  of t h e   r e f l e c t i o n   c o e f f i c i e n t  p' in   the  incident   plane  gives   wel l   def ined 
diagrams for   the   charac te r iza t ion  of the  invest igated  surfaces   (e .g . ,   the   polar  
diagram i n   f i g .  8 ) .  Here t h e   d i r e c t i o n a l   d i s t r i b u t i o n  of p r  can  be  seen f o r  
white  typewriter  paper  that was i r r a d i a t e d  a t  an  incident  angle  of I, = 300 
with  radiation  of  the  emission  temperature  of 905' C. The incident   ray E i n  
the  diagram comes from t h e   l e f t  and i s  marked  by the  arrow. The apparatus can no 
longer  be  used  beyond 20° t o   t h e   l e f t  and r i g h t  of E because  the  swivel  with 
the  thermocouple s t r i k e s   a g a i n s t   t h e   f i x e d  arm. I n  the  hatched  angular  dead  re- 
gion,  therefore,   there  are no measuring  points  (no small c i r c l e s ) .  

For   evaluat ing  the  integrals  ( 7 )  and  determining pv, measurements a r e   a l s o  
required  outside  the  incident  plane.   Figure 9 shows t h e   r e l a t i o n  between the  
angles  of  incidence  and  reflection v, p, and + and the  angles q, w2, and 0 

t o  be  adjusted on the  apparatus. The s t r a i g h t   l i n e  e i s  the   op t i ca l   ax i s   o f  
the  radiation  source,  m i s  the  measuring  apparatus, n i s  the  surface  normal  of 
t h e   t e s t   p l a t e ,  s i s  t h e   d i r e c t i o n   s e t t i n g  of t h e   a r c  10 i n   f i g u r e  3 and e ' ,  
m', and s' are   the  normal projections  of e, m, and s on t h e   t e s t   p l a t e .  On 
the  apparatus  the  angle 9 i s  adjustable  between e and s (angle   of   rotat ion 
of   the   a rc  10); the  angle  u+ between e and m (swiveling  angle of the   ro ta -  
t a b l e  arm),  and f ina l ly   t he   ang le  of i n c l i n a t i o n  (5 o f   t h e   t e s t   p l a t e  as the 
angle  between n and s. The x,y-plane  of  the  introduced  coordinate  system 
(x, y, z) coincides  with  the  plane  determined  by e and m, the  ET-plane of the 
system ( k , ~ ,  c )  coincides  with  the  surface of t h e   t e s t   p l a t e .  The uni t   vec tors  
e, 3, 3, and 3 of the   d i rec t ions  e, m, n, and s have the  following compo- 
nents  in  the  system  (x, y, z ) :  

+ 
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Ve c- x-Component  y-Component  z-Component 
t o r  

+ e 1 0 0 
+ 
S cos q s i n  "1 0 
-* 

m cos (3.2 s i n  u.2 0 

n  cos q cos u s i n  "1 cos u s i n  (5 
+ 

The angle  between two d i rec t ions  i s  equal   to   the   sca la r   p roduct  of t he   un i t  vec- 
t o r s  of the two d i r ec t ions  

cos v = en ++ 

cos v = cos "1 cos u; cos "1 = - cos v 
cos u 

and 

cos p = cos u cos T; cos T = - 
cos cos I-L u 1 

where 

For the  Computation of $1, $2, and f i n a l l y  of $, we s tar t  more simply from the  
components of  the  uni t   vectors   in   the  coordinate   system ( k , ~ ,  ( ): 

Ve c- E-Component  7-Component (-Component 
t o r  

3 e s i n  v 0 cos v 
-f 
S cos Q1 s i n  u s i n  \I'l s i n  cos u 

The scalar  product of the  two vectors   gives  

+-+ e s  = cos cul = cos  s in  v s i n  u + cos v cos u 

whence 

cos q - cos v cos u 
sin v s i n  u cos = 



Taking  re la t ion (14) into  account we have 

and  analogously 

with 1 cos q1 = cot  v t a n  0 

cos $2 = cot p tan 0 

I n  pract ice ,  V ,  p, and o are  generally  given  and '01, "2, and $ are   required.  
For the   spec ia l   case  of the measurements i n  the  incident   plane,   re la t ions (14), 
(15), and ( 1 6 )  s impl i fy   to  

$ = 0; 180° J 
In   the  determinat ion of t h e   r e f l e c t i o n   c o e f f i c i e n t s  p '  f o r   t h e   i n c i d e n t  

angle v = 0 t h e   i n t e r v a l  of r e f l ec t ion   ang le s   t ha t  i s  of  most i n t e r e s t  p i s  
s i t u a t e d   i n   t h e  dead  region where angles  cannot be  measured (0 _< p 5 2 0 0 ) .  A s  
an  expedient,  for  the  incidence  angles I/ = 100, 150, and 200, measurements i n  
the   inc idence   p lane   a re   car r ied   ou t   for  p = v + m. It i s  found t h a t   t h e  meas- 
ured   re f lec t ion   coef f ic ien ts   a re   p r imar i ly  a function  of  the  parameter r ~ - o  and 
depend  only  sl ightly on the  incident  angle v. Therefore ,   the   extrapolat ion  to  
v = 0 with p = r ~ - o  i s  permissible. 

The measuring  program  comprised  the  measurement  of  the r e f l e c t i o n   d i s t r i b u -  
t ion   for   the   s ix   fo l lowing   sur faces ,  which  were se l ec t ed  as typ ica l   representa-  
t i v e s  from the  large  manifold  of   dif fuse  ref lectors :  

(1) Brass sheet,  oxidized  black  with a dull and  rough  surface. 

( 2 )  White matte  paper  (typewriting  paper) as an example o f  a f ib rous  sur- 
face. 

(3)  White pine,   planed  and  polished.  Surface  parallel   to  direction of f i -  
bers.  

( 4 )  Steat i te   mater ia l   "calors tea ' '   of   the  Swiss Isola-Werke,  Breitenbach, as 
an example  of a f i r e - r e s i s t an t   s tone .  

(5 )  Aluniinum alloy  "anticorodal,  " co lo r l e s s  and  anodically  oxidized. 
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( 6 )  Anticorodal  sheet,  roughened  with  fine  grain  by sand blast, sur face   f ine  
grained  and  matte. 

The measurements   served  pr incipal ly   for   the  determinat ion  of   the  direct ional  
d i s t r ibu t ion   of  p '  in   the   inc ident   p lane ,  a t  various  emission  temperatures. 
Ref lec t ion   coef f ic ien ts  were  measured fo r   on ly  two of the  surfaces  (black  oxi-  
dized  brass  and  paper,   outside  the  plane  of  incidence  in  order  to  determine pv 
by integrat ion.  

In   addi t ion   the   fo l lowing   four   po l i shed   meta l   sur faces  were invest igated:  
a copper, a brass,   an  anticorodal and  an i ron  sheet ,  and a l s o  a b r igh t - ro l l ed  
s l igh t ly   t a rn i shed   an t i co roda l   shee t  a t  various  emission  temperatures  between 
350° and 1000° C. The pol ished  metal   p la tes  were specular   re f lec tors .  The 
br ight - ro l led   an t icorodal   shee t   a l so  had specu la r   r e f l ec t ion   excep t   fo r  a s l i g h t  
propor t ion   tha t   re f lec ted   d i f fuse ly .  

14. Measuring Er ro r s  

The s c a t t e r  of  the  measuring  points  in  the measurements  without vacuum 
( specu la r   r e f l ec to r s )  was somewhat l e s s   t han  1 percent  and  for  the measurements 
w i t h  vacuum ( d i f f u s e   r e f l e c t i o n )  a'bout 1.5 percent. 

Inaccurate  adjustment  of  the  geometric  magnitudes  and  incomplete knowledge 
of t he  diaphragm r a t i o s  Fi/F, can, as the  consideration of  formula (11) shows, 
lead   to   sys temat ic   e r rors ,  which however can  be  kept  within  the  scatter.   In 
the  tes ts   with  the  specular   ref lectors ,   such  errors   are   exluded  because FB w a s  
chosen  equal t o  F2. 

The incident   and  ref lected beams had f i n i t e   a p e r t u r e   a n g l e s   t h a t   l a y  be- 
tween 1.50 and 50, as could  easi ly   be computed from the  dimensions.  Measuring 
e r r o r s  due to   f i n i t e   ape r tu re   ang le s   cou ld  be  of  importance  where  the  reflec- 
t i o n   c o e f f i c i e n t  p'  var ies   s t rongly   wi th   the   d i rec t ion   of   the   re f lec t ion .  I n  
the  conducted  measurements  they  are  negligible. 

Disturbance  ref lect ions a t  the  inner  walls of the  apparatus   are   a lso neg- 
l ig ib le   s ince   they   a re   suf f ic ien t ly   suppressed  by t h e   b u i l t - i n  diaphragms.  Only 
in  very  extreme  cases, when t h e   r e f l e c t i o n   c o e f f i c i e n t  p'  var ies   wi th in  wide 
limits (e.  g., i n   t h e  measurement  of the   d i f fuse   por t ion   in   the   case  of nearly 
specular  reflectors),   can  such  disturbances sometimes l e a d   t o  a f a l s i f i c a t i o n  of 
t h e   r e s u l t s .  

The heat ing  of   the  tes t   p la tes   during  the  taking  of  a t e s t   p o i n t   l e a d s ,   i n  
the  case  of a few surfaces ,   to   systematic   errors   that   cannot   be  e l iminated.  Un- 
til the  galvanometer  has  reached i t s  f ina l   de f l ec t ion   and  can  be  read  off, ra- 
d i a t i o n   f a i l s   f o r  45 seconds on t h e   t e s t   p l a t e .  The surface of t h e   p l a t e  i s  
s l i g h t l y  warmed and   emi t s   r ad ia t ion   t ha t   f a l s i f i e s   t he  measurement. The smaller 
the   hea t   pene t ra t ion   coef f ic ien t  f i  t he   g rea t e r   t he   e r ro r  of t h e   t e s t   p l a t e  
because  the  predominant  part   of  the  absorbed  radiation  energy i s  conducted away 
by the  heat  conduction i n   t h e   p l a t e .  The hea t   rad ia ted  due to   the   t empera ture  
increase AT gives  the  absolute  measuring  error 



111111.1 

= 0.976 At ( i n  O C )  

The r a t io   t o   t he   r e f l ec t ed   ene rgy   s t r eam which, acco rd ing   t o   r e l a t ion  (lo), f a l l s  
on the  thermocouple i s  

Qt 0.976 AT cos IJ. 
" 

&m - 2 c s  w P' 

where 

F1 COS v 
W = E, €1, 

i s  the  absorbed  radiation  energy  per unit surface of t h e   t e s t   p l a t e .  From the 
r e l a t i v e   e r r o r   t h e   c o r r e c t i o n   t o  be a p p l i e d   t o   t h e  measured r e f l e c t i o n   c o e f f i -  
c i e n t s  p 1  i s  

Q t  rn 
Qm 

43' = p '  - = 1.95 c s  7 EVEIJ.  cos p 

The temperature  increase AT, which the  surface of the   p la te   undergoes   a f te r  
45 seconds  with  constant  heating W, must a l s o  be known. This  increase i s  ob- 
t a ined  by  solving  the  one-dimensional  nonsteady  heat  conduction  problem  with 
t h e  i n i t i a l  and  boundary  conditions 

m = o  for t s o  

and 

where x i s  the  penetrat ion  depth  in   the  plate   and t i s  the  time. I n  the  case 
of the  invest igated  surfaces   the  correct ion i s  t o  be  considered  only  for  .white 
p ine   (hea t   pene t ra t ion   coef f ic ien t  400 Joule  sec-l/2m-2deg-l)  and  calorstea  (heat 
penetrat ion  coeff ic ient  1700 Joule sec-1/2rn-Zdeg-1) and  amounts t o  

For white  pine 

Ap' = 0 . 2 2  E V E P  cos IJ. 

For  calors tea  

Ap' = 0.057 E ~ E ~  cos p 

20 



The numerical   factor   in   the  formulas  i s  independent  of  the  radiation  load  of  the 
surfaces .   With  the  radiat ions used, the  temperature  increments AT i n   t h e   c a s e  
of  white  pine  and  calorstea  were 3.2O and 0.75O C, respectively,  and  the  correc- 
t i o n s   t o  be  applied  were  of  the  order  of 20 and 2 percent  of  the measured  value, 
respectively.  

Final ly ,  we also  consider  what e r r o r s   a r e  committed if a false  emission 
temperature or surrounding  temperature i s  subs t i tu ted   in   the   computa t ion  of t h e  
rad ia t ion   ou tputs  

Q = k(T$ - T$ 

The d i f f e r e n t i a l  dQ g ives   the  change  of Q f o r  a change dTe, or dTu of Te 
and T, respectively,  so t h a t  

dQ = 4k Te dTe - T: dTu) 
( 3  

Compared with Q = kTt, t he   r e l a t ive   e r ro r   o f   t he   r ad ia t ion   ou tpu t s   fo r   f a l se ly  
substi tuted  emission  temperature i s  found t o  be 

and for fa lsely  subst i tuted  surrounding  temperature  

It i s  found that  the  emission  temperature must  be  measured  very  accurately i f  
it i s  t o  be used as the   bas i s   for   de te rmining   the   emi t ted   rad ia t ion .  The meas- 
urements were therefore  conducted as r e l a t i v e  measurements with  reference t o  Qe 
and &m. The temperature  of  the  surroundings on the  contrary,   for  the  emission 
temperatures  used,  need  be known with  an  accuracy of only  about 20' C.  I n   t he  
measurement  of la rge   rad ia t ion  powers (10 t o  100 pW) the  excess  temperature a t  
the  soldered  joint  of the  thermocouple  could  have  played a p a r t  as an   e r ror  of 
Tu. However, &e always  remained  within  such l imits  that  the  excess  temperature 
of   the   jo in t  d id  not  exceed 5' C. This   e r ror  is, therefore,   negligible  and  very 
accurate  proportionali ty  occurred  between  the  thermoelectric  voltage and the 
measured r ad ia t ion  power. 

15. Results  of  Measurements 

For   the   s ix   inves t iga ted   d i f fuse   re f lec tors ,   the   re f lec t ion   coef f ic ien ts  
p '  for  various  angles  of  incidence v were obtained f irst .  The r e s u l t s   f o r  
paper,   black-oxidized  brass,   white  pine,   and  calorstea  are  plotted,in  the  polar 
diagrams  of f i g u r e s  10 t o  14. The results  for  the  anodically  oxidized  and  sand- 
b las ted   an t icorodal   shee t   a re   p lo t ted   in   semi logar i thmic   p resenta t ion   in   f igures  
15 and 16.  The  beam with  incident  angle v is, i n   t h e   p o l a r  diagrams,  always 
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Figure 11. - Directional  distribution  of  reflection 
coefficient in incident  plane f o r  white  paper; 
emission  temperature, 9 0 5 O  C. 

u.4 
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Figure 12. - Directional  distribution  of  reflection 
coefficient in incident  plane  for  black-oxidized 
brass;  emission  temperatures, 520' and 910° c.  
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9'- 
Figure 13. - Directional  distribution of reflection 

coefficient in incident  plane  for  white pine, 
irradiated at  right  angles  to fiber direction; 
emission  temperature, 9 1 0 ~  C.  

f- 
Figure 14. - Directional distribution of reflection 

coefficient in plane of incidence for calorstea 
(steatite  substance);  emission  temperature, 905' C. 
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Figure 15. - Direc t iona l   d i s t r ibu t ion  of r e f l e c t i o n  
coe f f i c i en t   i n   i nc iden t   p l ane   fo r   anod ica l ly  
oxidized  anticorodal  sheet;   emission  temperature,  
9200 c .  

assumed t o  be  incident   f rom  the  lef t .  It i s  a l so   found  tha t   in   the   case  of 
mat te ,   s t rongly   sca t te r ing   sur faces   in   the   d i rec t ion  of the   specular   re f lec t ion  
a re  much preferred.  The most d i f f u s e   r e f l e c t i o n  i s  obtained  by  fibrous o r  porous 
materials,  like  paper, wood, and f i r e - r e s i s t an t   s tone .  The black-oxidized  brass 
with i t s  more compact surface shows r e f l ec t ion   coe f f i c i en t s   t ha t   r i s e   s t rong ly   i n  
t he   d i r ec t ion  p = v. S t i l l  more strongly  dependent  on p are   the p '  values 
of the two invest igated  t reated  ant icorodal   sheets ,  which closely  approach  the 
specular   re f lec tor .  

The r e f l ec t ion   d i s t r ibu t ions   i n   t he   ca ses   i nves t iga t ed   approach   t hose  of 
specu la r   r e f l ec to r s   t he   f l a t t e r   t he   i nc idence  of the   rad ia t ion   ( i . e . ,   the   g rea te r  
the  value of v). The e f f e c t  i s  seen   i n   t ab l e  I through  the   re f lec t ion   coef f i -  
c i en t s  p '  fo r   t he   d i r ec t ion  of the   specular   re f lec t ion  (p  = v), which r ap id ly  
increase  with  the  incident  angle.  The  phenomenon can  be  well  observed  by  the 
naked  eye a t  emission  temperatures above 6000 C. For glancing  incidence ( v  al- 
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Figure 16 .  - Direc t iona l   d i s t r ibu t ion  of r e f l e c t i o n  
coe f f f c i en t   i n   i nc iden t   p l ane   fo r   s andb las t ed  
anticorodal  sheet;   emission  teuqerature,  920' C .  

most goo), an  unsharp  mirror image of   the  radiat ion  source on t h e   t e s t   p l a t e  i s  
seen i n  the   d i rec t ion   of   the   specular   re f lec t ion   ins tead  of the  blurred  reddish 
shimmer. 

m e   e f f e c t  of  the  emission  temperature on the   r e f l ec t ion   p rope r t i e s  w a s  in- 
vest igated on the  surfaces  of  both  white  paper  and  black-oxidized  brass.  In 
both   cases   the   d i s t r ibu t ion   of   the   re f lec t ion   coef f ic ien ts  a t  low  emission tem- 
perature  approaches somewhat  more t h a t  of the  specular  reflector.   This  can  be 
clear ly   explained on t h e  basis of   the wave character  of  the  heat  radiation. The 
r ad ia t ion  of  low  emission  temperature is, according t o   t h e  Wien displacement law, 
r i che r   i n   t he   l onge r  waves, f o r  which t h e   f i n e   s t r u c t u r e  of the  surface  does  not 
show up (i .e. ,   the  surface  appears more even,  smoother  and more mi r ro r   l i ke ) .  
The absolute   magni tude  of   the  ref lect ion  coeff ic ient  p '  varies  corresponding 
t o   t h e   c o l o r  of the   re f lec tor ,   i f   the   emiss ion   tempera ture  i s  r a i s e d   t o  such an 
ex ten t   tha t   the   emi t ted   rad ia t ion   conta ins  an increasingly  larger   proport ion  of  
visible  wavelengths. Thus, p y  increases  for  an  increase  of  the  emission tem- 
perature  from  about 500° t o  about 900° C for   white   paper   but ,   decreases   for   the 
case  of  the  black-oxidized  brass  sheets. 

A c l e a r  comparison basis for   eva lua t ing  a r e f l e c t o r  i s  given  by  the normed 
4 5 O  d i s t r i b u t i o n s  i n  f i g u r e  17. They are  obtained  by  redrawing  the  polar dia- 
grams of   the   d i s t r ibu t ions  of p' f o r  the  incident   angle  v = 450 and f o r   t h e  
incident  plane i n  such manner tha t   the   d i s tance   in   the   d iagram  cor responding   to  



White  pine;  emission  temperature, 910° C. 
Calorstea;  emission  temperature, 905' C.  
White  paper;  emission  temperature, 905' C. 
White  paper;  emission  temperature, 535' C .  
Black-oxidized  brass;  emission  temperature, 910' C. 
Black-oxidized  brass;  emission  temperature, 520' C. 
Sandblasted  anticorodal  sheet;  emission  temperature, 920' C. 
Anodically  oxidized  anticorodal  sheet;  emission  temperature, 920' C. 
Specular  reflector  (for  comparison). 

Figure 17. - Normal  directional  distributions  of  reflection  coefficient 
in incident  plane  for v = 45'. 

the  reflection  coefficient  in  the  direction  of  the  specular  reflection (p = v, 
$ = 0) is  the  same for  all  reflectors  to  be  compared.  The  figure  shows  that 
the  investigated  six  surfaces  cover  the  entire  span  between  the  strongly  scat- 
tered  and  the  almost  specular  reflectors. 

The  measurements  of p '  can  be  used  for  the  evaluation  of  the  integrals 
(7) from  which py, and  therefore,  also  the  absorption  coefficient (1 - p,) 
of  the  direction v, is  obtained,  and  finally by repeated  integration  according 
to (4) for  the  determination of the  total  absorption  coefficient (1 - p ) .  The 
evaluation,  to  be  conducted  graphically,  of  the  triple  integral  assumes  a  large 
number  of  measured p' values and a  considerable  amount  of  computation,  but  has 
the  advantage  that in  this  manner  absorption  coefficients  can  be  determined  that 
cannot  be  obtained  from  emission  measurements  because  the  investigated  surface  is 
not  suited  for  the  high  emission  temperatures  encountered  (determination  of 
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(1 - p )  of  paper  for  an  emission  temperature of 900° C), o r  has   other   physical  
propert ies  a t  these  temperatures. 

For white  paper  and  black-oxidized  brass  the  required  measurements  of p '  
fo r   the   eva lua t ion   of  ( 7 )  were made outs ide  the  incidence  plane  for   the two in-  
cident  angles v = 30° and 60° and fo r   t he   r e f l ec t ion   ang le s  p = 15O, 30°, 45O, 
60°, and 75O for   each  of t he  two v-values.  Figure 18 g i v e s   t h e   r e s u l t   f o r   w h i t e  
paper  and f o r  v = 30'. The r e f l e c t i o n   c o e f f i c i e n t  p '  i s  p l o t t e d  as a func- 
t i o n  3f $ with 1-1 as parameter. The f irst  i n t e g r a l  of ( 7 )  i s  obtained  by 
planimetering  the  area p. The second  integration  leads to the   re f lec t ion   coef -  
f i c i e n t  pv and, t h u s ,   t o  (1 - pv)  . To the  angle  of  incidence v = 0 (normal 
incidence)  there  corresponds a rotat ion-symmetr ical   d i rect ion  dis t r ibut ion  of  
p ' ,  wi th   the  surface  normal   of   the   tes t   p la te  as a x i s  of symmetry, and the   re -  
f l e c t i o n   c o e f f i c i e n t  p,, i s  obta ined   for   the   d i rec t ion  of  normal  incidence 
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Figure 18. - Ref lec t ion   coef f ic ien t  p'  for   white   paper;  
angle  of  incidence V = 300'; emission  temperature, 
905' C .  



through a s ingle   in tegra t ion  
the   second  in tegra l   o f  ( 7 ) .  

p v a  = 

by subs t i t u t ing  p’  d i r e c t l y   i n   p l a c e   o f  p i n  

The determination  of  the  absorption  coefficient (1 - pn) according t o  equation 
( 1 9 )  w a s  ca r r i ed   ou t   fo r  a l l  inves t iga ted   d i f fuse   re f lec tors .   F ina l ly ,   for   whi te  
paper  and  black-oxidized  brass,  there  are  three (1 - pv)  va lues   fo r   t he   t h ree  
incidence  angles v = Oo, 30°, and 60°. The f i r s t  two angles  coincide  within  the 
accuracy  of  the  evaluations. The knowledge  of the  fmdamental   t rend  of   the  di-  
rect ional   dis t r ibut ion  of   the  absorpt ion  coeff ic ients   in   the  case  of   nonmetals ,  
f o r  example, according  to   the measurements  of the   emiss ion   coef f ic ien ts  of 
E. Schmidt ( r e f .  2 ) ,  enables   their   reconstruct ion  .wi th  the  a id   of   the   three 
measurement values. The i n t e g r a l  

(1 - p )  = 1  - a”’ p, s i n (  2 v ) d v  

t hen   l eads   t o   t he   abso rp t ion   r a t io  (1 - p )  of t h e   e n t i r e   r a d i a t i o n .  

The four   t es ted   b r ight -meta l   sur faces   a re   specular   re f lec tors .  A d i f fuse  
port ion of the   re f lec ted   rad ia t ion   could   no t  be  confirmed  and the re fo re  may be 
neglected.  According t o   t h e   r e s u l t s  of s ec t ion  13, a tes t   point   here   gives   the 
absorp t ion   ra t io  1 - pv  for   the   angle  v t o   t h e   s u r f a c e  normal. The measure- 
ments, as shown i n   f i g u r e  19, fo r   t he   po l i shed   i ron   shee t ,   l ed   t o   t he   a l r eady  
f ami l i a r   d i r ec t iona l   d i s t r ibu t ions   o f   t he   abso rp t ion   coe f f i c i en t   fo r   e l ec t r i ca l ly  
conducting  materials, as required by the  electromagnetic  theory  of  l ight (refs. 
1 and 2 )  and as confirmed  by  the  measurements of the  emission  coeff ic ients   by 
E. Schmidt ( r e f .  2 ) .  I n  accordance  with  these  resul ts   the   absorpt ion  ra t io   for  
smooth metal   surfaces  strongly  increases a t  large  angles  t o  the  surface normal 
and  again  drops  only i n   t h e  neighborhood  of  the  glancing  incidence. The l a rge  
s c a t t e r  of t he   t e s t   po in t s  i s  explained by the  c i rcumstance  that   the   absorpt ion 
coefficients  are  obtained  through  the  formation of the  differences 1 - pv, which 
a r e  small compared with  the  tes t   values .  The increase  of   the  absorpt ion  ra t ios  
with  rising  emission  temperature,  likewise  predicted  by  the  theory, i s  confirmed 
according t o   f i g u r e  20. 

The b r igh t - ro l l ed  somewhat tarnished  ant icorodal   sheet  i s  almost a specular 
r e f l ec to r3   t he   d i f fuse ly   r e f l ec t ed   pa r t  amounts t o  about 2.5 percent  of  the  in- 
cident  energy  stream  while,  depending on the  emission  temperature, 80 t o  90 per- 
c a t  undergoes  specular  reflection. The observation  with  the naked  eye shows a 
sharply  defined  mirror image of the  radiat ion  source on t h e   t e s t   p l a t e  upon which 
reddish  haze i s  superposed. The difference 1 - pvspec, i s  t o  be  reduced fur- 
ther   by  0.025 ( d i f f u s e   p a r t )   i n   o r d e r   t o   o b t a i n   t h e   t o t a l   a b s o r p t i o n   c o e f f i c i e n t  
(1 - pv) ,  bu t   g ives   qua l i ta t ive ly  good information,   In   f igure 21 the   quot ient  
(1 - p v s p ) / ( l  - pnsp) i s  p lo t ted   in   the   po lar   d iagram  aga ins t   the   angle  v to 
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r, oc- 
(a) Iron.  
(b)  Anticorodal (aluminum alloy).  
( c )  Brass. 
(d)  Copper. 

Figure 20.  - Absorption r a t i o  of t o t a l   i n c i d e n t   r e f l e c t i o n  (1 - p) and  of 
r a d i a t i o n   i n   d i r e c t i o n  of surface  normal (1 - pn) as a funct ion of 
emission  temperature  for  polished  metal   surfaces.   Test   plate a t  room 
temperature. 

the  surface normal. This  f igure  gives  information on t h e   d i r e c t i o n a l   d i s t r i b u -  
t i o n  of  the  absorption  coefficient a t  various  emission  temperatures. The tar- 
nished  ant icorodal   sheet   absorbs  the  radiat ion of low  emission  temperature  like 
the  bright  metal ,   while  with  increasing  emission  temperature  the  directional  dis-  
t r i bu t ion ,   acco rd ing   t o   f i gu re  21, increasingly  approaches  the  directional  dis-  
t r i b u t i o n   f o r  nonmetals. The t h i n  oxide  skin on the  surface i s  evident ly   barely 
"noticed"  by  the  longer waves of the  radiation  of  lower  emission  temperature, 
while  radiation  of  higher  emission  temperature i s  the   de te rmining   fac tor   for   the  
re f lec t ion   behavior   for   the  short-wave.  Figure 22 f i n a l l y   g i v e s   t h e   v a r i a t i o n  
of (1 - Pnsp) r e f e r r i n g   t o   t h e   p l a t e  normal, and of (1 - psp) r e f e r r i n g   t o  a l l  
d i r ec t ions  of the  half-space, as a function of  the  temperature T, compared with 
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Figure  2 1 .  - Comparison  of r e f l ec t ing   behav io r   o f   ro l l ed -b r igh t ,  
s l i g h t l y   t a r n i s h e d   a n t i c o r o d a l   s h e e t  at  angle  y t o   s u r f a c e  
normal t o   t h a t   i n   d i r e c t i o n  of  surface  normal.   Test   plate a t  
room temperature .  

7;oc- 
(a) Ro l l ed -b r igh t ,   s l i gh t ly   t a rn i shed ,   an t i co roda l   shee t .  
(b) Po l i shed   an t i co roda l   shee t .   Tes t   p l a t e s  at  room temperatwe.  

F igure  22. - Dependence of radiat ion  propert ies   on  emission  temperature .  
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the   absorp t ion   coef f ic ien ts  (1 - pn) and (1 - p )  of the   po l i shed   an t icorodal  
sheet. 

All measured a b s o r p t i o n   c o e f f i c i e n t s   r e f e r   t o  a tes t   p la te   t empera ture   o f  
loo t o  20° C and t o  the  given  emission  temperatures.  According to   the   Ki rchhoff  
l a w  these   absorp t ion   coef f ic ien ts   agree   wi th   the   emiss ion   coef f ic ien ts  if  we 
have the   case  of gray  radiators .  The invest igated  technical   surfaces   are ,  how- 
ever,  only  approximately  gray  radiators. 

For smooth surfaces,   according  to  the  electromagnetic  theory of l i g h t ,   t h e  
absorpt ion  coeff ic ients  for t h e   t o t a l   r a d i a t i o n  depend  on  the  emission  tempera- 
t u r e   ( f o r  monochromatic radiation, on the  wavelength)  and on the   phys ica l  prop- 
e r t i e s  of  the  material, namely on   t he   i ndex   o f   r e f r ac t ion   fo r   e l ec t r i ca l  noncon- 
ductors  and on the   spec i f i c   e l ec t r i ca l   r e s i s t ance   fo r   me ta l s   ( s ee   r e f s .  1 t o  3). 
S ince   the   mater ia l   p roper t ies  may also  be  temperature-dependent,  the  temperature 
o f   t he   t e s t   p l a t e   en t e r s  as parameter.  Although  the  polished  metal  surfaces ap- 
pear  to  approximate  very  closely  the  idealized  assumptions  of  the  electromagnetic 
theory  of   l ight ,   the   measured  absorpt ion  coeff ic ients   here   general ly   l ie   higher  
and the  experimental   ra t ios  (1 - p) / (  1 - pn) l i e  lower  than  those demanded by the 
theory.   Evidently,   the  invisible  oxide and  water films, which  always e x i s t  a t  
room temperature, become appreciable  here. 

The direct ional   dis t r ibut ions  of   the   emission  and  absorpt ion  coeff ic ients ,  
l i k e   t h e i r   a b s o l u t e  amounts, are  also  dependent  on  the  emission  and  plate temper- 
a tu re   ( r e f  s. 2 and 3).  

For t he   d i r ec t iona l   d i s t r ibu t ions  of t h e   r e f l e c t i o n   c o e f f i c i e n t  p '  it may, 
on the  contrary,  be assumed that  these  are  affected  only  by  the  emission  temper- 
a tu re  of the  incident   radiat ion  but   not  by the  plate   temperature ,   s ince  the 
s t ruc tu re  of the  surface,  which i s  independent  of  the  temperature,  occurs  here as 
' 'material  property. " 

As i s  customary i n   t e c h n i c a l   r a d i a t i o n  exchange  computations, we s h a l l   i n  
the  following  paragraphs  always assume gray   rad ia tors ,   fo r  which the  Kirchhoff 
l a w  holds without  restriction.  Accordingly,  no d i s t i n c t i o n  i s  t o  be made be- 
tween  emission  coefficient and absorption  coefficient  and  in  the  problems of 
hea t   t r ans fe r  we shall   only  speak of the  "emission  coeff ic ient"  E = (1 - p ) .  
I f   the   temperatures  of the   rad ia t ing   sur faces   d i f fe r   cons iderably   and   the i r  ra- 
diation  properties  are  dependent on the  temperature  the  choice  of  the  values  to 
be s u b s t i t u t e d   f o r  p and E must  be  decided for   each  case.  For one of the 
measured  surfaces,  for example, i t s  found  absorpt ion  coeff ic ient  i s  t o   b e  sub- 
s t i t u t e d  as E i f  a t  low  body temperature (room temperature) it unriergoes ra- 
d i a t ion  exchange with a surface  which  has one of  the  emission  temperatures  that  
a re  employed. 

16. Surface  Element Model 

The d i r e c t i o n a l   d i s t r i b u t i o n s  of t h e   r e f l e c t i o n s  found were a l l  determined 
i n  a purely  empirical  way. We now ask whether  the  results  can  also  be  explained 
by computation. I s  the re  an elementary l a w  f o r   t h e   r e f l e c t i o n  mechanism t h a t  
l eads   t o   t he   ob ta ined   r e su l t s ?  



The mathematical  model  described  herein  (the  "surface  element  model")  gives, 
with good  approximation, the   re f lec t ion   behavior   for   sur faces   tha t   approximate  
the   specu la r   r e f l ec to r   and   fo r   d i r ec t ions   o f   r e f l ec t ion   t ha t   l i e   nea r   t he   d i r ec -  
t i o n  of the  specular   ref lect ion.  It i s  based on the  l a w s  of r ad ia t ion   op t i c s  
and  neglects  the wave character   of   the   heat   radiat ion.  We imagine the  surface 
to be composed of small surface  elements  equal t o   i r r egu la r ly   a r r anged   mi r ro r s .  
A s ing le  one of these  surface  elements dF, is, accord ing   to   f igure  23, assumed 
t o  have the  surface  normal n t h a t  makes an angle a, with  the  surface  normal 
of   the   re f lec tor .  The ray e arr iving  with  incidence  angle  v i s  specularly 
r e f l e c t e d  by dF, with   re f lec t ion   angles  IJ. and \Ir i n   t h e   d i r e c t i o n  r; e and 
r make the  angle p with  the  normal n; t h e   r e f l e c t i o n   c b e f f i c i e n t   f o r   t h e  
specular   re f lec t ion   tha t   t akes   p lace  i s  denoted  by pp, which may depend  on p. 
The surface i s  assumed i s o t r o p i c ,   t h a t  i s ,  t h e   d i s t r i b u t i o n  of the  surface  ele- 
ment does  not  depend  on the  angle y; a l l  angles y are   equal ly   possible .  With 
regard to the i r   angle  of incl inat ion,   the  dF, are   d i s t r ibu ted   accord ing  to a 
d i s t r ibu t ion   func t ion  @(a) cha rac t e r i s t i c   fo r   t he   r e f l ec to r   unde r   cons ide ra t ion .  
Let  the  part  @(a) of the  surf   ace F of the   t es t   p la te   cons idered  have an  angle 
of i n c l i n a t i o n   t h a t   l i e s  i n  t h e   i n t e r v a l  a . . . a f da. 

In tegra t ion   over  a l l  angles   of   incl inat ion  gives  

p 2  @ aa = 1 

O f  the  incident  energy  stream  per  unit   area Ev, t he  amount r e f l e c t e d  by the  
surface  element  with  the  normal  direction a,y i n   t he   i n t e rva l   (da ,  dr) i s  

Part   ofT dF, 
i n   i n t e g r a l  da i n   i n t e g r a l  dr 

With the  solid  angle  element 

dfl = s i n  p dp d+ 

the  ref lected  energy  s t ream  per   uni t   area  and  uni t   sol id   angle  i s  

and  according to d e f i n i t i o n  (5 )  i n   s e c t i o n  11 t h e   r e f l e c t i o n   c o e f f i c i e n t  i s  

23f dR 
E, s i n  p dp d$ 

p '  = - 
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Figure 23 .  - Angle nota t ions  for surface  element  model. 

With account  taken  of  the  expression  for dR set up previous ly   there  i s  ob- 
t a i n e d   f o r  p’ :  

The functional  determinant  (Jacobian) A of   the mapping of one coordinate  sys- 
tem (p, $) i n to   t he   o the r  system ( a , y )  desc r ibes   t he   r e l a t ion  between t h e  two 
surface  elements dp d$ and da dy as 

A =  
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In   terms of  equation ( 2 2 )  t he   exp res s ion   fo r   t he   r e f l ec t ion   coe f f i c i en t   r eads  

To derive  the  relations  between  the  introduced  angles we subs t i tu te   the  
three   un i t   vec tors  3, i?, and i? i n   t h e   d i r e c t i o n s  e, r, and n,  whose  compo- 
nents   in   the  (x ,  y, z )  coordinate  system  are as follows: 

Ve c- x-Component  y-Component  z-Component 
t o r  

-+ e - s i n  v 0 cos v 

r s i n  p cos $ s i n  p s i n  $ cos p 

n s i n  a cos y s i n  a s i n  y cos a 

+ 

+ 

From the  condition  of  specular  reflection  the  three  vectors must l i e   i n  a plane. 
The vector 2 can  therefore  be  presented as a linear  combination of the   o ther  
two. From f igu re  2 4  the   re la t ion   can  be read as: 

+ e + 7 = 2 cos pi? (24) 

taking  account   of   the   fact   that  n nust  be a unit   vector.   Equation (24), 
w r i t t e n   i n  component form, gives  the  following  system  of  equations: 

+ 

s i n  p s i n  $ = 2 cos p s i n  a s i n  y 

cos v + cos p = 2 cos p cos a 

Figure 24. - Relations  between 
t h r e e  unit vectors.  
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From these  three  equat ions,  p, p, and $ can  be  eliminated. The  two terms 
s in  v and cos v a r e  f i r s t  brought on the   r i gh t   s ide ,   t he   t h ree   r e l a t ions   a r e  
squared  and  added  and  there i s  obtained 

The case  cos j3 = 0 may be  excluded  since  for j3 = ~c/2  t he   r e f l ec t ed   r ay  must 
f a l l  in   the  prolongat ion  of   the  incident   ray e and  must go through  the  ref lect-  
ing  surface. The angle j3 i s  obtained as 

COS p = cos a cos v - s i n  a s i n  v cos r ( 2 6 )  

From the  third  equation  of  equation (25) p can now be computed as 

cos p = 2 cos  COS a cos v - s i n  a s i n  v cos r) - COS v ( 2 7 )  

To eliminate Jr  we br ing   the   t e rm  s in  v i n  the  f i rs t  equation  of  the  system 
( 2 5 )  on the  r ight  side,   and  then  divide  the  second  equation by the f i r s t  equation 
so that ,  

t a n  Jr  = 2 s i n  a s i n - r ( c o s  a cos 
2 s i n  a cos r( cos CL cos v - 

The functional  determinant A i s  t o  be 
( 2 2 )  with the   a id  of transformation  formulas 

determined  according to   equa t ion  
( 2 7 )  and (28) .  We consider f irst  

cos p = cos a; p = a  

cos p = 2 cos a - 1 = cos 2a; 2 p = 2a 

t a n  IJ = t a n  r; + = r  

The functional  determinarrt A assumes the  value 

If we r e s t r i c t   o u r s e l v e s  w i t h  the  approximation 

s i n  p = s i n  2 a  = 2a 

t o  small def lect ion  angles  a, that  is ,  t o   d i r e c t i o n s  tha t  are   not  far removed 
from the   d i rec t ion  of specu la r   r e f l ec t ion ,   t he   r e f l ec t ion   coe f f i c i en t  i s  ob- 
t a ined  as 



In   t he   gene ra l   ca se  of v # 0 we introduce  fur ther   approximations  to   s implify 
the  computation.  Since  the  surface  element model can  be  used  only for d i rec t ions  
i n  the neighborhood of the  specular   ref lect ion,  we again assume the  angle  a t o  
be small: 

s i n  a = a 

cos a = 1 

a2 << 1 theref  ore a2 = 0 

Expressions ( 2 6 )  t o  ( 2 8 )  now become: 

cos p = cos v - a s i n  v cos r 
cos p = cos v - 2a s i n  v cos y 

(32) 

t a n  I) = 
2a s i n   COS v - a s i n  v cos r) 

2a cos r cos v + s i n  v (33) 

We assume f u r t h e r  that  we are   s i tua ted   ne i ther   in   the   ne ighborhood of glancing 
incidence ( v  c l o s e   t o  90') nor i n   t h e  neighborhood  of  normal  incidence ( v  
small), so t h a t  we  may assume a << s i n  v and a. << cos v. For small deflec- 
t ion   angles  a and v f 0, 9 a l s o  becomes s m a l l  so that  the  tangent  may be re- 
placed  by  the  arc.  Relation (33) t hen   fu r the r   s imp l i f i e s   t o  

+ = 2a s i n  y cot v (34) 

With the  transformation  formulas (32) and (34) t h e   p a r t i a l   d e r i v a t i v e s  of p and 
I) with r e spec t   t o  a and y are  obtained as 

5" 
ap - 2a s i n  v s i n  r 

s i n  p 

and  the  functional  determinant becomes 

A =  4a cos v 
s i n  v 
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111111111111 II 

Subst i tuted  into  equat ion ( 2 3 ) ,  t h i s   g ives   t he   exp res s ion   fo r   t he   r e f l ec t ion  
coe f f i c i en t  as, 

which f o r  v = 0, goes  over  into  the  formula (30 )  f o r  normal  incidence.  There- 
fore,  it i s  t o  be  expected  that  the  approximation  formula (35) f a i l s   o n l y  i n  the 
neighborhood  of  glancing  incidence. 

The v a l i d i t y  of the  surface  element model was t e s t e d  on the two surfaces  of 
the  anodically  oxidized  and  sand  blasted  anticorodal,   that  is, f o r  two surfaces 
that   c losely  approximate  the  specular   ref lector .  If a i s  assumed t o  be small, 
p moves according  to   the f irst  equation  of  equations  (32)  in  narrow limits and 
t h e   r e f l e c t i o n   c o e f f i c i e n t  pp can  be replaced by the  constant  value pv t h a t  
depends  only on the  incidence  angle. From t h e  measurements the  following  expres- 
s ion i s  t o  be determined: 

and plot ted  for   each  incidence  angle  as a function  of  the  angle of i n c l i n a t i o n  
a. The surface  element model may be considered as va l id   i f   t he   va r ious   cu rves  
can  be  brought into  coincidence  through a normalization, by subs t i tu t ing ,   for  
example, t h e   r a t i o s  pv/p45 of the   r e f l ec t ion   coe f f i c i en t s  so tha t   the   curves  
of @(a)p45 recomputed f o r  a l l  incidence  angles  coincide  with  the  curve  for 
v = 45O. As can  be  seen  from f igu res  25 and 26, t h i s   o c c u r s   f o r   t h e  two sur- 
faces  considered. The check i s  h e r e   r e s t r i c t e d   t o   a n g l e s  of i n c l i n a t i o n  CL up 
t o  1Z0 a t  most, f o r  which the  introduced  approximations  of  formulas (31) may 
s t i l l  be subst i tuted.  The points  for  the  incidence  angle 600 s c a t t e r  somewhat 
more s t rongly  than  the  others   because  the  s implif icat ions assumed at  the   bas i s  
of the  theory  are  no longer  admissible  in  the  neighborhood of glanclng  incidence. 
Each of the two surfaces  has i t s  own $(a , )  d i s t r ibu t ion .  The r a t i o s  pv/p45 of 
t he   r e f l ec t ion   coe f f i c i en t s   va l id   fo r   t he  two t e s t   p l a t e s   a r e  as follows: 

Anodically  oxidized,  anticorodal: 

v = 30' 45' 60' 

Sandblasted,  anticorodal: 

1/ = 100 30 45O 60 

" pv - 1.258 1.091 1 0.916 
p45 



~ 

4 

4 
0 

oo 

0 

cy 

Figure 25. - Dis t r ibu t ion  of surface  elements for 
_c 

anodically  oxidized  anticorodal.  

The surface  element model gives a good idea of t h e   d i r e c t i o n a l   d i s t r i b u t i o n  
of the   re f lec t ion   coef f ic ien ts   in   the   ne ighborhood of t he   d i r ec t ion   o f   t he  specu- 
l a r  r e f l ec t ion .  According t o  formula (35) the   d i s t r ibu t ion   o f  p’  i s  ro t a t ion -  
a l ly   symmetr ical   wi th   the  direct ion of t he   specu la r   r e f l ec t ion  as a x i s  of s p -  
metry. 
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Figure 26. - Dis t r ibu t ion  of sur face   e lements   for  
sandblasted  ant icorodal .  

2. HEAT TRANSFER FOR TWO-SURFACE SYSTEM 

21. Defini t ion of  Two-Surface  System,  Assumptions f o r  Computation 

With t h e   a i d  of t he   i l l u s t r a t ive   da t a   ga ined  on the   d i r ec t iona l   d i s t r ibu t ion  
of t he   r e f l ec t ion   coe f f i c i en t s  we  now t u r n   t o   t h e  computation  of  the  heat trans- 
fer,   taking  account  of  the  reflections.  With the  exception of a few  considera- 
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t i o n s  i n  sect ion 4, we sha l l   r e s t r i c t   ou r se lves   t o   t he   ca se  of two sur faces   tha t  
exchange rad ia t ion   wi th   each .o ther .  Each  of  these two surfaces  i s  assumed t o  
have the  same temperature and the same radiat ion  propert ies   (emission  and  ref lec-  
t i o n   c o e f f i c i e n t s )  a t  each  point .   In   regard to the  geometrical  arrangement  of 
the  surfaces,  which i n  general  are  curved, we assume t h a t  from  each  element  of 
t he  one sur face   on ly   par t s  of t h e  two surfaces  F1 and 3'2 can  be  seen. Thus, 
F1 and F2 form a closed  system  with  regard to   the   rad i ' a t ion  exchange. We 
sha l l   t e rm a system  with  the  propert ies   just   descr ibed as a two-surface  system. 
The two surfaces may meet at a boundary l i n e   ( f i g .  27(  a)) or be  spat ia l ly   sepa-  
r a t e d  from  each  other  (fig. 2 7 ( b ) ) .  

The computation  of  the  heat  transfer i n  the  case  of  the  two-surface  system 
cannot   be  accurately  carr ied  out   except   for  a few  geometrically  simple  cases. 
We are   forced to make approximating  assumptions. 

Except for  polished  metals,  almost a l l  surfaces  have a d i r e c t i o n a l   d i s t r i b u -  
t i o n  of  the  emissions,  which  does  not  deviate  strongly  from  the Lambert cosine 
l a w .  We sha l l   t he re fo re  always assume t h i s  l a w  for  the  emission, but we s h a l l  
t ake   i n to   accoun t   t he   d i r ec t iona l   d i s t r ibu t ion  of t he   r e f l ec t ions .  The following 
theory i s  also  val id ,  however, without  the  assumption of the Lambert cosine l a w  
i f   i n   p l ace   o f   t he   so l id   ang le   r a t io  cp, t he re  i s  subs t i t u t ed  an incident   radia-  
t i o n  beam t h a t  i s  t o  be  determined  from  the  emission law and the  geometrical  ar- 
rangement. 

Each emitted amount of  energy i s  f i r s t   r e f l e c t e d  on  one  of the two surfaces  
of  the  two-surface  system  and  then  reflected,  each  time more weakly, a second 
time, a t h i r d  time,  and so fo r th .  The f i r s t  re f lec t ions   cont r ibu te  most of t h e  
energy. We s h a l l  make the  assumption  that   the second, th i rd ,  and f u r t h e r   r e -  
f l e c t i o n s   a r e   l o c a l l y  and d i r e c t i o n a l l y   d i s t r i b u t e d   i n   t h e  same manner as the  
f i r s t .  

a) b) 
Figure 27. - Examples  of two-surface  systems. 
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22. Condition  from  Second  Fundamental Law of Thermodynamics 

Let  the  surface F1 of a two-surface  system  have  the  temperature T1. Ac- 
cording  to  the  Stefan-Boltzmann l a w  the  emit ted  radiat ion  energy  of   the  surface 
F1 and a l l  t he   r e su l t i ng   r e f l ec t ion   ene rg ie s   a r e   p ropor t iona l  t o  ( T1/100)4.  The 
same condition holds for   the   sur face  F2. The exchanged  heat  quantity  per  unit 
time  can f irst  be  expressed i n   t h e  form 

The second  fundamental l a w  of thermodynamics requires   the  vanishing of Q12 if 
the  temperatures T1 and T2 are  equal;   therefore,  

The radiation  energy  exchanged  between  the two surfaces  of  the  two-surface  sys- 
tem may therefore  always  be  writ ten  in  the  form 

23. Beam Coefficient,   Solid Angle Ratio and Reflect ion  Factor  

The surface  F1 of a two-surface  system  emits  the  radiation  energy 

Of t h i s  amount the   f r ac t ion  qlcp12 strikes  the  surface  F2  while ql'pl1 r e -  
t u rns   t o   t he   su r f ace  F1. The two coe f f i c i en t s  'p12 and 'p11 are  termed  the 
beam coe f f i c i en t s  of the  surface  F1 w i t h  r e s p e c t   t o  F2 and F1, and  depend 
both on the geometry  of the  two-surface  system  and on t h e   d i r e c t i o n a l   d i s t r i b u -  
t i o n  of the  emissions  of  the f i rs t  surface.   Similarly  the beam coe f f i c i en t s  
'pZl and 'pZ2 are  defined. The energy  stream 41, according t o   t h e   d e f i n i t i o n  
of the  two-surface  system, i s  divided  between  the two surfaces   F1 and F2. The 
beam coe f f i c i en t s  'pll and (p12 and s imi l a r ly  'pzl and 'pzz sa t i s fy   t he   r e -  
l a t i o n s  
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According t o  our assumptions  the two surfaces   of   the  system emit  according 
t o   t h e  Lambert cosine law. The coe f f i c i en t s   a r e   t he re fo re   i den t i ca l   w i th   t he  
so l id   ang le   r a t io s   t ha t   can  be determined from t h e   r e l a t i o n  

where 3'1 and F2 denote  the  surface areas of  the  two-surface  system, r i s  
the  distance  between  the two surface  elements  and dFz under  considera- 
t i o n   ( f i g .  2 8 )  and v l  and vg are  the  angles  between r and  the  surface  nor- 
mals n l  and nz. 

On in te rchanging   the   ind ices   in   equa t ion  (39) the  expression  of  the  double 
integral   remains unchanged. For t he   so l id   ang le   r a t io s  'p12 and ( ~ 2 1 ,  t he   fo l -  
lowing relat ion  therefore   holds ,  so t h a t  

which i s  not   t rue   for   genera l ly   def ined  beam coef f ic ien ts .  If cp denotes a 
general  beam coef f ic ien t   the   theory   o f   th i s   sec t ion   remains   va l id   un t i l   equa t ion  
( 4 0 )  i s  introduced  into  the  eqllation. 

The surface F2 a3sorbs   the   f rac t ion  q 1 ( p l 2 E Z  from the  energy  stream 
ql-'p12 radiated  by  the  surface F1 while  an amount q1'pl2pZ i s  re f lec ted .  The 
p a r t  ql(plzpzflzl_ again  reaches  the  surface F1, and  the   par t  qlqlzp2f12z 
reaches  the  surface Fz. The r e f l ec t ion   coe f f i c i en t  or r e f l ec t ion   f ac to r   f121  
g ives   tha t   f rac t ion   of   the   energy  stream re f l ec t ed  on the   sur face  F2 t h a t  i s  
ref lected  back on the   sur face  F1 under  the  assumption  that   the  reflection i s  
produced by a beam from the   sur face  F1. It depends  on t h e  geometry  of t he  two- 
surface system, on the   d i r ec t iona l   d i s t r ibu t ion   o f   t he   emis s ions   o f   bo th  SUT- 

faces  and on the   d i r ec t iona l   d i s t r ibu t ion   o f   t he   r e f l ec t ions   o f   t he   r e f l ec t ing  
surface.  The middle  index j o f   t he   r e f l ec t ion   f ac to r   f i j k   deno tes   t he  sur- 
face j (in  the  case  of  the  two-surface system 1 or 2) whose r e f l ec t ions   a r e  
being  considered,  the f i rs t  index i gives  information on the  source  of  the 
incident   energy  s t ream  that   gave  r ise   to   these  ref lect ions,   whi le   the las t  index 
k gives   the  l raddress1 '   to   which  the  ref lected  par t   under   considerat ion  arr ives .  
In  the  case  of  the  two-slrface  system 8 such re f lec t ing   coef f ic ien ts   occur .  
Since  the  ref lect ions  of  a surface  can  only  be  thrown  back t o   t h e  two surfaces  
F1 and F2 each two coe f f i c i en t s  whose ind ices   agree   in   the  f i r s t  two  nlunbers 
add up t o  1: 

flll + f l l 2  = 

f121 + f122 = 

f 2 l l  + f212 = 

f221 + f222 = J 
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In   general  it i s  not  immaterial whence the   re f lec ted   rad ia t ion   or ig ina tes ,   tha t  
i s  

f 1 2 1  f f221, and so f o r t h  

In   gene ra l ,   t he   r e f l ec t ion   f ac to r s   fo r   t he  second, third,  and fu r the r   r e -  
f l e c t i o n s  do not  agree  with  those  that   determine  the  distribution  of  the f i r s t  
re f lec t ions .   In   accordance   wi th   the   approximat ion   s ta ted   in   sec t ion  21, i n  
considering  the  second,  third,   and  further  reflections  the same ref lec t ion   coef -  
f i c i en t s   a r e   subs t i t u t ed   t ha t   ho ld   fo r   t he   f i r s t   r e f l ec t ion   s t ages .  

24. Heat Transfer   for  Two-Surface  System 

With t h e   a i d  of the  introduced  notat ions  the  radiat ion exchange  process 
may  now be fur ther   inves t iga ted .  Scheme I shows t h e   s p l i t t i n g  up of  an  energy 
q1 emitted from a surface F1 i n   t he  f i r s t  and  second r e f l ec t ion .  Scheme I1 
would  have t o  be  supplemented  by  adding a second scheme a t  the  same stage  with 
interchanged  indices and se rves   fo r   i nves t iga t ing  an ( i + l ) t h   r e f l e c t i o n   s t a r t i n g  
out  from  the  surface F1 t o   t h e   ( i + 2 ) t h .  A s  an  end r e s u l t  we a r e   i n t e r e s t e d   i n  
the  heat   quant i ty   per  unit time,  which  on t h e   b a s i s  of the  emission q1 of the 
surface 3’1, i s  t ransfer red   to   the   sur face  3’2. This  quantity i s  obtained by 
summing a l l  energy  streams  that  are  absorbed on the  surface Fz. A s  shown by 
the two  schemes, t h i s  sum i s  made up of t he  amount 9 1 0 1 2 ~ ~  absorbed  af ter   the  

emission  and  of  the summation of  amounts pi;) and pi;) r e f l e c t e d  by F2, 
mult ipl ied by t h e   f a c t o r  c2/pZ, so t h a t  

i =1 

m 

i=l 
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Ql may be w r i t t e n   i n   t h e  form 

We consider  each  of  the  relations (44)  writ ten  with  successive  index i. Adding 
these  formulas,  there i s  obtained from  each  recursion  formula one of  the  four 
fol lowing  l inear   equat ions  for   determining  the sums sjk: 
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The solution  of  the  system  of  l inear  equations (45) r equ i r e s  a tedious computa- 
t ion   bu t   o therwise   o f fe rs  no diff icul t ies .   Therefore ,   the  results f o r   t h e  ex- 
pression S12 + S22 may be  given  immediately.  With  the  abbreviated  notation 

this  expression  reads,   with  account  taken of r e l a t i o n s  (41): 

We wr i t e  Q1 i n   t h e  form 

4 

Q1 = q1'Pl&K1 = F ~ I P + ~ E ~ ~ Z ( & )  K 1  

where the   cor rec t ion   fac tor  K1, according to   equa t ion  (43),  assumes the  value 

After  a few further  elementary  transformations,   taking  account of equations ( 3 8 ) ,  
(41), and (47) ,  there  i s  obtained  for  K1: 

and i n  analogous manner, i f  F2 i s  assumed as the  emitt ing  surface,  by i n t e r -  
changing  the  indices,  the  heat  transfer 
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must, according to   t he   cond i t ion   de r ived   i n   s ec t ion  22 from the  second l a w  of 
thermodynamics,  be  capable  of  being  presented i n   t h e  form  of  equation (36 ) .  Ac- 
cordingly,   the  expressions  for Ql and Qz must agree   except   for   the   fac tor  
(T/100)4. A t  t h i s   p o i n t  we shall   introduce  the  assumption  of  the Lambert cosine 
l a w  fo r   t he   d i r ec t iona l   d i s t r ibu t ion   o f   t he   emis s ions  and, therefore ,   re la t ion  
( 4 0 )  i n   t h e  computation.  Except for   the   fac tor   wi th   the   t empera ture  TI or Tz, 
the  agreement  of  the  expressions  for Ql and Qz e x i s t s  i f  K1 and K2 coin- 
cide.  This, as t h e  comparison  of  equations ( 4 8 )  and  (49) shows, is n o t   i n  gen- 
eral   the  case  because  the  approximating  assumption  according  to which the second, 
th i rd ,   and   fur ther   re f lec t ions   a re   d i s t r ibu ted   loca l ly ,   and   wi th   respec t   to   the i r  

of  thermodynamics. The va l id i ty   o f   t he  second l a w  i s  theore t ica l ly   an   exac t   re -  
quirement. We postulate ,   therefore ,   the   equal i ty  of K1 and KZ and  through 

3 d i r e c t i o n s   i n   t h e  same  way as the  f i r s t  re f lec t ion ,   cont rad ic t s   the   second l a w  

1 comparison  of the  formulas (48) and  (49) we ob ta in   t he   r e l a t ions  

which  connect  four of the   e ight   re f lec t ion   fac tors   wi th   the   so l id   angle   ra t ios .  
The r e f l ec t ion   f ac to r s   a r e ,  however, already  determined  by  the  assl~med  reflection 
laws  and do not in   genera l   sa t i s fy   the   condi t ions  of equation (50) .  The f a i l u r e  
to   agree  i s  connected  with  the  error   that  i s  committed i n   t h e  chosen  approxima- 
t i o n  and  vanishes i f   t h e  second, th i rd ,  and f u r t h e r   r e f l e c t i o n s   a r e   a c t u a l l y  
d i s t r i b u t e d   l i k e   t h e   f i r s t .  O f  t h e   e i g h t   r e f l e c t i o n   f a c t o r s  of the  two-surface 
system, four  can  be eliminated  with  the aid of  equations  (41). We make the  as- 
sumption t h a t  two  of the  remaining  four unknowns, namely, f 1 2 1  and f212,  a r e  
determined  with  the  a id   of   the   ref lect ion law,  while  the l a s t  two a r e   t o  be  de- 
termined  from  equations (50). Their  value  does  not  agree  with  those  that would 
be obtained  according  to  the  direct   determination from t h e   r e f l e c t i o n  l a w .  The 
deviat ions  correspond  to   the  error  of the  approximation  and make small correc- 
t i ons   t o   t he   r e f l ec t ion   f ac to r s   necessa ry  so that  the  approximating  assumption 
made i s  compatible  with  the  condition  from  the  second l a w  of thermodynamics. 
The radiant  energy  exchanged  between  the two surfaces of t he  system i s  f i n a l l y  
obtained as 

wi th   the   fac tor  K, taking  account  of  equation (41):  

K has  the  significance  of a cor rec t ion   fac tor   to   be   appl ied   to   the   Nusse l t  ap- 
proximation. I t s  va lue   represents   the   e f fec t  of t h e   r e f l e c t i o n s  on the   hea t  
exchange. 
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25. Two-Surface System with Convex Surface F1 

The computation  of  the  heat  exchange i s  considerably  simplified if one of 
t he  two surfaces  of  the system, f o r  example F1, i s  convex. The emitted  and re- 
f l ec t ed   r ad ia t ion  from t h e  convex surface F1 excusively  reach  the  surface F2. 
H a l f  of t he   so l id   ang le   r a t io s  and re f lec t ion   fac tors   a re   therefore   g iven   wi th-  
out  further  computation: 

The r e l a t i o n  ( 4 0 )  between the   so l id   angle   ra t ios   goes   over   in to  

F1 
' P Z l  = - 

F2 
(54) 

and, therefore,   the  computational  determination  of a so l id   angle   ra t io   f rom  the  
geometry  of  the  two-surface  system becomes superfluous. O f  the  conditions  (50) 
t he  f i r s t  condition becomes t r ivial .  me   r ad ia t ion   ene rgy  exchanged  between the 
two surfaces i s  

wi th   the   cor rec t ion   fac tor  as compared with  the  Nusselt  approximation! 

26. Reflection Laws 

The preceding  computations do not  contain  assumptions  in  regard t o  t he  l a w  
of r e f l e c t i o n   t h a t  must  be  used t o  determine  the  ref lect ion  factors .  The deter-  
minat ion  of   the  ref lect ion  factors  on the   bas i s  of the  empirically  obtained  re- 
f l e c t i o n  laws, t h a t  is, with  the  a id   of   the  measured d i r e c t i o n a l   d i s t r i b u t i o n s  
of t he   r e f l ec t ion   coe f f i c i en t  p', involves  an  almost  insurmountable amount of 
computation  which - except  perhaps for several   geometrically  simple  cases - makes 
this  process  appear  unsuitable.  

Another  process  leads more simply t o  the  goal: We assume mathematically 
s imple  ref lect ion laws as t h e   b a s i s  of the  computat ion  of   the  ref lect ion  factors  
and, hence, of  the  radiation  exchange. The obtained  resul ts ,  or r a the r   t he   r e -  
f l e c t i o n   f a c t o r s   a r i s i n g  from the   r e f l ec t ion  laws, can  be  superposed i n   o r d e r   t o  
a t t a i n  as good an  approximation as possible t o  t h e   a c t u a l   s i t u a t i o n .   I n   t h e  two 
following  sections ( 3  and 4), two r e f l e c t i o n  laws a r e  more closely  invest igated.  
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The counterpar t   of   the   specular   ref lect ion i s  a r e f l e c t i o n  l a w  that   pre-  
s c r ibes  a d i r e c t i o n a l   d i s t r i b u t i o n   f o r   t h e   r e f l e c t i o n   c o e f f i c i e n t s ,   t h a t  i s  in- 
dependent of t h e   d i r e c t i o n  of the   inc ident  ray, and therefore   represents   the  
most extreme  case  of a s t rongly   sca t te r ing   d i f fuse   re f lec- tor .   This  i s  most s i m -  
ply  realized  mathematically  through  the l a w  of Lambert r e f l ec t ion ,  which  assumes 
t h e   r e f l e c t i o n s  t o  be   d i s t r ibu ted   accord ing   to   the  Lambert cosine law.  These 
r e f l e c t i o n s  may  now computationally be t reated  l ike  emissions.  A sur face   tha t  
r e f l e c t s   a c c o r d i n g   t o   t h e  Lambert  cosine l a w  i s  termed a Lambert r e f l e c t o r .  

Specular   re f lec tors   occur   in   na ture ,   for  example, as polished  metal   sur- 
faces. The Lambert r e f l e c t o r  on the  contrary i s  an   idea l   p ic ture  which, it i s  
t rue,  i s  very  nearly  approximated  by  the  planed  and  polished  white  pine  board, 
but  which  however (as  i s  t o  be  concluded  from  the  measurements), i s  not  quite 
ac tua l ly   rea l ized .  The two chosen  ref lect ion laws represent  the  extremes  be- 
tween  which  the  measured  directional  distributions of t h e   r e f l e c t i o n   f a c t o r s  can 
be  ordered. From superposit ion of t h e i r   r e f l e c t i o n   f a c t o r s   r e s u l t s  may be  ex- 
pected,  which  with good approximation,  give  the  heat  exchange  by  radiation. 

3. SPECULAR REFLECTION 

The following  computations  of  the  reflection  factors for both  surfaces of 
the two- surface  system  are  based on the l a w  of specular   re f lec t ion   accord ing   to  
which, of the   rad ia t ion   energy  E, incident  a t  the  angle v, t he  nonabsorbed 
energy  stream E,p, i s  ref lected  with  the  angles  of r e f l e c t i o n  p = v and 
9 = 0. In   add i t ion   t o   t he   r e f l ec t ion  l a w  the  assumed emission l a w ,  namely the  
Lambert cosine l aw,  which i s  assumed v a l i d   f o r   t h e  two sur faces ,   en te rs   in   the  
r e f l e c t i o n   f a c t o r s .  

The surface F1 of a two-surface  system i s  assumed t o  send   ou t   rays   in   a l l  
d i rect ions,  which may be combined i n   p u r e l y   p a r a l l e l  beams. According t o   t h e  
Lambert cosine l a w  of the  emission a l l  these beams have t h e  same in tens i ty   over  
the i r   c ross   sec t ion .   In   the   v i s ib le   reg ion  it would  be  observed tha t   the   sur face  
F1 r a d i a t e s  a t  each  point  and  from a l l  direct ions  with  equal   br ightness .  We now 
consider   specif ical ly   an  emission  direct ion R ( f i g .  29) .  The rays  emitted  from 
F1 and  specular ly   ref lected on FZ p a r t l y   r e t u r n   t o   t h e   s u r f a c e  F1 and p a r t l y  
reach F2. The proportion  of a l l  the  rays   of   the  beam t h a t   r e t u r n  to t he  sur- 
face F1 i s  equa l   t o   t he   r a t io   o f   t he   c ros s   s ec t ion  of the   par t   o f   the  beam re- 
f lected  toward 3'1 to t h a t  o f   the   en t i re  beam and i s  termed  the  direction- 
dependent   re f lec t ion   fac tor  fizl, which i s  coordinated  with  the  direct ion R. 

The r e f l e c t i o n   f a c t o r  flZ1 i s  obtained  from it - as an averaged  value - through 
in tegra t ion   over  a l l  directions  of  space, so that!  
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Figure 28. 

Figure 29. 

In   equat ion  (57)  f '  denotes a direct ion-dependent   ref lect ion  factor   and f i t s  
corresponding  averaged  reflection  factor, FB i s  the  cross  section  of  the  bundle 
o f   r ays   i n   t he   d i r ec t ion  R and F, i s  the  cross  section  of  the  bundle  averaged 
over a l l   d i rect ions  of   space  according  to:  . 

In   the  case  of  a conf igura t ion   wi th   ro ta t iona l  symmetry a l l  planes  through 
t h e  axis of ro ta t ion   a re   equiva len t   and   the   d i f fe ren t   d i rec t ions   o f   the   space   can  



be characterized  by a s ingle   d i rec t ion   angle ,  namely, the  angle  y between the  
a x i s  of symmetry and   the   d i rec t ion  R. The in t eg ra l   (57 )   s imp l i f i e s   t o  

If a two-surface  system  consists  of two genera l   cy l indr ica l  or prism sur- 
faces  extending to i n f i n i t y   w i t h   p a r a l l e l   g e n e r a t r i c e s ,  a l l  planes a t  r i g h t  
ang le s   t o   t he   gene ra t r i ce s  are equivalent,  and we speak  of a two-dimensional 
problem. The d i r ec t ion  R can  be  f ixed  through  an  angle  of  rotation y and 
the   in tegra l   (57)   goes   over   in to   the  form 

J 

* 

The re f lec t ions   can  be followed  along in   the   p ro jec t ion   of   the   sys tem on a plane 
normal to   t he   gene ra t r i ce s ,   s ince   t he  law  of   specular   re f lec t ion   for   rays   tha t  
a r e   ob l ique   t o   t he   p ro j ec t ion   p l ane   a l so   ho lds   fo r   t he i r   p ro j ec t ions .  

In   s ec t ions  31 t o  34, four  examples  of  two-surf  ace  systems are  considered. 
Surface F1 i s  a spherical   or   c i rcular   cyl indrical   surface,   hence,  convex, and 
therefore   only one r e f l e c t i o n   f a c t o r  (flZ1) need  be  determined,  on  the  basis of 
t h e   r e f l e c t i o n  l a w .  Further ,   the   cross   sect ion of a p a r a l l e l  beam of rays  is-  
suing  from F1 i s  constant  and  therefore  coincides  with  the  averaged  cross  sec- 
t i o n  F,. The r a t i o  FB/F, i s  e q u a l   t o  1 f o r  a l l  directions  of  space. The com- 
puta t ion  of the   d i rec t ion-dependent   re f lec t ion   fac tors  f iz l  i s  conducted  ana- 
l y t i c a l l y   i n   s e v e r a l   c a s e s ,  and in   the   o ther   cases   wi th   the  methods  of pro jec t ive  
geometry. The l a t t e r  method, i n   t he   ca se  of geometrically  involved  arrangements, 
i s  probably  the  only  possible method. 

31. Sphere  and  Plane Wall 

A sphere,   representing  the  surface F1 of a two- surface system,  exchanges 
rad ia t ion   wi th  a plane w a l l .  The second  surface F2 encompasses both   the  w a l l  
and   the   in f in i te   ha l f - space  above it. The center  of the  sphere i s  d = 6R dis -  
tance  from  the w a l l  ( f i g .  30). 

We f i r s t  compute the  direct ion-dependent   ref lect ion  factor  fizl. The prob- 
lem i s  rotationally  symmetrical ,   with  the  normal  to  the w a l l  surface  through  the 
center  of  the  sphere as axis of symmetry. A beam of rays s t a r t i n g   o u t  from t h e  
sphere  with  the  direct ion  angle  y ( i n d i c a t e d   i n   f i g .  31 by the   th ree   rays  
sl, s2, and s3 )  has a c i r cu la r   c ros s   s ec t ion  and i s  thrown  back  by the  w a l l  as 



a paral le l   bean  with  constant   intensi ty   and  equal  cross sec t ion   ( r ays  sf, sk, 
and s i ) .  The sphere  extends  into  the  ref lected beam by the  amount a, which 
through  elimination  of  the  distances CM t o  E, i s  obtained  from  the  following 
s ix   equat ions:  

- 

- c 

a = R - C M  CM = E s i n  y 

E = RE - EB EB = EA 
EA = - R6 R = MA s i n  y 

- - 
- 

The sphere  intercepts   the  hatched  par t   in   f igure 32 from t h e   r e f l e c t e d  beam,  and 
the  direct ion-dependent   ref lect ion  factor   f iz l (y)  i s  e q u a l   t o   t h e   r a t i o  of t he  
ha t ched   a r ea   t o   t he   t o t a l   a r ea  of t h e   c i r c l e  flRz. H a l f  the  hatched  area i s  the 
a rea  of a c i r cu la r  segment with  half   the   central   angle  5 and i s  e q u a l   t o  

F, = R~(C - s i n  cos I:) 

from  which the   r e f l ec t ion   f ac to r  i s  obtained as 

In  the  preceding  expression  the  angle i s  t o  be replaced by y. The r e l a t i o n  

cos I: = 6 s i n  r 
i s  obtained  by  formulating  cos  and  then  eliminating a and R with  the re- 
l a t i o n  (61) .  

The r e f l e c t i o n   f a c t o r  flZ1 averaged 
eva lua t ing   the   in tegra l  (59), which i n  our 

over a l l  d i r ec t ions  i s  found  by 
example  assumes the  form 

As upper in t eg ra t ion  l i m i t  there  i s  t o  be  put 

Y* = a r c  s i n  1 E 
and  not fl s ince   for   d i rec t ion   angles  y > y*, the   ref lected  bundle  of rays  no 
longer   s t r ike   the   sphere  and  hence the  direct ion-dependent   ref lect ion  factor  
vanishes. The r e f l e c t i o n   f a c t o r  f 1 2 1  i s  a funct ion of the  nondimensional  dis- 
tance 6. 



Figme 3 0 .  Figure 31. 



Figure 3 2 .  

We consider f i rs t  the  special   case 6 = 1 f o r  which t h e   i n t e g r a l  ( 6 2 )  i s  
considerably  simplified: 

The in t eg ra t ion  can  be zarr ied  out   in   an  e lementary way and g ives   t he   r e su l t  

flz1(6 = 1) = - - - 0.0756 1 4  
2 3rr 

In   the  general   case we remove the  arc   cos   funct ion  in   the f irst  summand of 
the  integrand by pa r t i a l   i n t eg ra t ion :  

sin2yJ1 - 62 sin2y dU I 
We t r ans fo rm  bo th   pa r t i a l   i n t eg ra l s  by   the   subs t i tu t ion  

L 

s i n  y = t 
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There i s  obtained 

The two i n t e g r a l s   a r e   e l l i p t i c .  We seek to o b t a i n   t h e   s o l u t i o n   i n   t h e  form  of a 
ser ies   expansion  for   the  funct ion  f lz l (6)   and  for   this   purpose expand the   fac-  
tors d D  and l/dl - t 2  unde r   t he   i n t eg ra l   s ign   i n  a power s e r i e s   i n  t. 
Term by  term  integration  leads to the   very  rapidly  converging  ser ies  

2 4 
flZ1 = & (;) + (;) + . . . 

32. Circular   Cyl inder   Paral le l   to   Plane Wall 

An in f in i te ly   long   c i rcu lar   cy l inder ,   represent ing   sur face  F1 of a two- 
surface  system,  interchanges  radiation  with a plane w a l l .  The second  surface  en- 
compasses both  the w a l l  and the   in f in i te   ha l f - space   ly ing  above it. The a x i s  of 
the  cyl inder  i s  p a r a l l e l   t o   t h e   w a l l  and i s  d = 6R dis tance from it. 

The nota t ions   a re   the  same as for   the   case  of the  sphere and the  plane w a l l .  
Figures 30 and 31 remain  unchanged for  the  present  two-dimensional  problem  and 
are  now to be i n t e r p r e t e d  as sect ions normal to   the   cy l inder   ax is .   In   the  two- 
dimensional  case  the  direction-dependent  reflection  coefficient  ffz1 i s  equal 
t o   t h e   r a t i o  of the   d i s tance  a, by  which the   cy l inder   ex tends   in to   the   re f lec ted  
band-shaped  bundle  of  rays, to   the   wid th  2R of the  ref lected  bundle:  

The r e f l e c t i o n   f a c t o r  f121 averaged  over a l l  directions  of  space is ,  f o r   t h e  
plane  problem  according t o   t h e   i n t e g r a l  (60), i n   ou r  example  found t o  be 

(1 - 6 s i n  y)dy 

The l imi t   o f   i n t eg ra t ion  - s imi la r ly   to   the   case   o f   the   sphere  and plane 
w a l l  - i s  again 

y* = a r c   s i n  - 1 
6 
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The r e f l e c t i o n   f a c t o r  flZ1 i s  a funct ion of the  nondimensional  distance 6: 

w-ith the  ser ies   expansion 

f121 = ;; ’[’ z (1) 5 + & ($)3 + & (*)5 + . . .] 
For the   special   case 6 = 1 the  cylinder i s  t angen t   t o   t he  w a l l  and  there i s  
obtained 

33. Eccentric  Spherical   Surfaces 

A sphere, as surface F1 of a two-surface  system, i s  eccen t r i ca l ly   s i t ua t ed  
i n  a hollow  sphere  (surface Fz) with  which it exchanges  radiation.  In  accord- 
ance  with  figure  33 we chose t h e   r a t i o   o f   t h e   r a d i i  K of the  spherical   surfaces  
and the  nondirnensional  eccentricity 6 as parameters  of  the problem. 

The direct ion-dependent   ref lect ion  factor  i s  determined  by  the ;21 
methods  of project ive geometry. The problem i s  one of r o t a t i o n a l  symmetry; hence 
a s ingle   angle   suf f ices   for   charac te r iz ing   the   d i rec t ion   of   the   bundle  of rays 
considered, namely the  angle y between the  connect ing  l ine of t he  two sphere 
centers  and  the  ray  direction  of  the beam. For the   g raphica l   p resenta t ion  it i s  
most convenient t o   t ake   t h i s   d i r ec t ion   pe rpend icu la r ly  downward whi le   the   l ine  
connecting  the  sphere  centers i s  oblique. 

We c o n s i d e r   f i r s t   t h e   r e l a t i o n s   i n  a meridional  section  (fig.   34)  through 
the  two sphere  centers MI and Mz. Of a l l  rays   s t r iking  the  spherical   surface 
K2 v e r t i c a l l y  downwards in  the  meridional  section,  the two “ l imi t ing   rays”  s1 
and s2 are  drawn and t h e   r e f l e c t e d  rays si and ss just   graze  the  sphere 
K1. The re f lec t ions   o f  a l l  rays of t he   mer id iona l   s ec t ion   t o   t he   l e f t   o f  s1 
pass on the   r i gh t  of the  sphere K1, t h o s e   t o   t h e   r i g h t  of s2 pass on t h e   l e f t .  
Only the  rays  between s1 and s2 are  thrown  back on the  sphere X1 a f t e r   r e -  
f l e c t i o n  on K2. 

Figure 35 shows the  project ive  geometr ical   construct ion  in   plan  form  ( in-  
dex ’ )  and  elevation  (index ” )  for   the  rays   outs ide  the  meridional   sect ion 
plane. We now consider a l l  rays   tha t   a re   the   genera t ices   o f  a c i rcu lar   cy l inder  
with  the  axis  SM2 and  with  the  c i rc le  kl ( in   the   e leva t ion   pro jec ted  as a 
l i n e )  as the  generating  curve.  Their  reflections  form a c i r c u l a r  cone with  the 
ver tex S, t h e   a x i s  SM2 and the  base  c i rc le  kl whose contour   l ines  s1 and 
s2 are  drawn i n  the  e levat ion.  O f  the   rays  of the  cyl inder   surface we s h a l l  
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Figure 33. - Eccentric spherical surfaces. 
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Figure 34. 
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Figure 35. - Construction  of f 1 2 1  in two-surface  system f o r  
K = 0 . 5 ,  u = 0.4, and y = 4 5 O .  



separa te   the   rays  whose r e f l e c t i o n s  strike the  sphere K1 from  the  rays whose 
ref lect ions  pass   by K1. We seek   the   l imi t ing  rays whose r e f l ec t ions   j u s t   t ouch  
K1. These rays we obta in  by the   cons t ruc t ion  of the  tangent  generatrices  of  the 
cone t o   t h e  sphere K1 f o r  which a geometric  locus i s  the  second c i r c u l a r  cone 
formed  on t h e   t a n g e n t s   t o  K1 from S. The contour   l ines  ml and m2 of   the 
second  cone (a l so   wi th   vor tex  S )  are drawn i n   t h e   e l e v a t i o n .  The required  tan- 
gent   l ines   a re   the  common genera t r ix   l ines   o f   the  two c i r c u l a r  cones. We choose 
an auxiliary sphere Kg, wi th   the   cen ter  S, t h a t   c u t s   o u t   t h e   c i r c l e s   k l  and 
k2  from the  two  cones. The poin ts  of in te rsec t ion   of   the  two c i r c l e s  are poin ts  
of   the  required  tangent   surface  l ines .   Their   e levat ions  coincide a t  the   po in t  
P", the   po in t   o f   in te rsec t ion  of t h e   l i n e s  ky  and k;, and whose hor izonta l  
project ions P '  i s  drawn. The hor izonta l   p ro jec t ions  Pi and F;, of   the pene- 
t r a t i o n   p o i n t s  of t h e  two tangent  surface  l ines  with  the  sphere K2, are   obtained 
as points  symmetrical t o  P '  on t h e   c i r c l e   k i .  They are the  horizontal   pro-  
jec t ions  of t he  two l imit ing  rays   on  the  surface  of   the  c i rcular   cyl inder   with 
the   base   c i rc le  kl whose r e f l ec t ed   r ays   j u s t   t ouch   t he   c i r c l e  K1. The perpen- 
dicular   rays   through  the  arc  of t h e   c i r c l e  kl t h a t   l i e  on t h e   l e f t  of P1 and 
Pz have ref lected  rays   that   s t r j -ke  the  sphere K1, those  through  the  arc  on  the 
r i g h t  have re f lec ted   rays   tha t   pass  by K1. By varying  the  radius  of t h e   c i r c l e  
kl there  i s  f inal ly   obtained,   point  by point, a closed  curve c, which encloses 
the  bundle  of a l l  r a y s   t h a t   s t r i k e   t h e   o u t e r   s p h e r i c a l   s h e l l   v e r t i c a l l y  downward 
whose r e f l ec t ions  f a l l  on the  inner  sphere.  The hatched  part   of  this  bundle 
o r ig ina t e s  from the  sphere K1 and the  direct ion-dependent   ref lect ion  factor  
fizl i s  t h u s   e q u a l   t o   t h e   r a t i o   o f   t h e   h a t c h e d   a r e a   t o   t h e   a r e a  of the  horizon- 
t a l  p ro jec t ion   c i r c l e  Ki of  the  sphere Kl. 

- 
- - 

- 

The construct ion  of   the  direct ion-dependent   ref lect ion  factor  was now re- 
pea ted   for   severa l   angles  r ( i n   s t e p s  of 45O) i n   o r d e r   t o   o b t a i n   t h e   r e f l e c t i o n  
f a c t o r  flZ1 averaged  over a l l  d i r ec t ions  by eva lua t ing   t he   i n t eg ra l  ( 5 9 ) .  This 
f a c t o r  i s  a func t ion   o f   t he   r a t io  of t h e   r a d i i  K and  of  the  dimensionless  ec- 
c e n t r i c i t y  6 and was determined as a funct ion of K i n   s t e p s  of 0 . 1  and a s  a 
function  of 6 i n   s t e p s  of 0 .2  or, i f  required,  of 0.1. Figure 36 g ives   the  re- 
sult.  The dashed  bounding  curve  corresponds t o   t h e   c a s e  of the  tangency  of  the 
two spherical   surfaces   and i t s  point   of   intersect ion  with  the  ordinate  6 = 1 t o  
the  case of a very small inner  and a very  large  outer   sphere  ( ra t io  of r a d i i  
K = 0) ,  that   touch  each  other.  The r e f l ec t ion   f ac to r   co r re spond ing   t o   t h i s   po in t  
o r ig ina t e s  from the  computation  of  the example of  sphere  and  plane w a l l  a t  con- 
t a c t  of  the  surfaces  and amounts t o  0.0756. 

In   the   spec ia l   case  of concentr ic   spherical   surfaces ,  a l l  t he   r ays   s t a r t i ng  
from the   inner   sphere   a f te r   the   specular   re f lec t ion  a t  the  outer   spherical   sur-  
face  again  re turn  to   the  inner   sphere,   and a l l  of t h e   r a y s   s t a r t i n g  from the  
outer  sphere  again  return  to  the  outer  sphere af ter  r e f l e c t i o n  a t  t he   ou te r  
sphere. The r e f l e c t i o n   f a c t o r s  are flz1 = 1 and fZZ2 = 1, not   only  for   the 
f irst  r e f l e c t i o n s   b u t   a l s o   f o r   t h e  second, th i rd ,   and   fur ther   re f lec t ions  so t h a t  
the  basic  approximation  assumption  of  the  second  section i s  here   exact ly  satis- 
fied.  Accordingly,  the  condition (36 )  from  the  second l a w  of  thermodynamics  must 
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Figure 36. - Ref lec t ion   fac tor  f121 for eccentr ic   spheres  as 

function of r a t i o  of r a d i i  K and dimensionless   eccentr ic i ty  6 .  

a l s o  be sa t i s f ied   here .   This  i s  ac tua l ly   the   case   s ince   for   the  convex surface 
F1, the  second  equation  of  equations (50), which  alone i s  e s sen t i a l ,  i s  s a t i s f i e d  
with flZ2 = 0 and fZz1 = 0. For   t he   co r rec t ion   f ac to r   t o   be   app l i ed   t o   t he  
Nusselt  approximation  there i s  thus  obtained,  in  the  case  of  concentric  spherical  
surfaces,  under  the  assumption  of  specular  reflection a t  the  outer  surface,   the 
exact  solution 

which i s  a l so   ob ta ined   in   the   case  of p a r a l l e l   p l a t e s   f o r  any r e f l e c t i o n  laws. 

60 



34. Eccent r ic   Ci rcu lar   Cyl indr ica l   Sur faces   wi th   Para l le l  Axis 

A c i rcu lar   cy l inder  - as the  surface F1 of a two-surface  system - i s  ec- 
c e n t r i c a l l y   s i t u a t e d   i n  a hollow  cylinder  (surface F2) with which it in t e r -  
changes  radiation. The two c i rcu lar   cy l indr ica l   sur faces   have   para l le l   axes   and  
are i n f i n i t e l y   l o n g  so t ha t   t he   ca se  may be  considered a two-dimensional  problem. 
I n  accordance  with  figure 33 (which i s  now t o  be   i n t e rp re t ed  as the  section  nor- 
m a l  to   the   cy l inder   axes) ,  we choose t h e   r a t i o  of radi i  K of   the  base  c i rc les  
of  the  cylinder and the  dimensionless   eccentr ic i ty  6 as the  parameters of t he  
problem. 

The direct ion-dependent   ref lect ion  factor  fizl depends  on a s ingle   rota-  
t ion   angle  y, and with  the  l imit ing  rays   introduced  in   f igure 34 of the  preced- 
ing example  can  be graphically  determined: 

The graphical  determination as a function of the  angle y was ca r r i ed   ou t   i n  
s t eps  of 45'. 

From the  evaluation of t h e   i n t e g r a l  (60 )  t he re  i s  obta ined   the   re f lec t ion  
f a c t o r  f121t averaged  over a l l  directions,  which was determined as a function of 
t h e   r a t i o  of the radi i  K and  of the  dimensionless   eccentr ic i ty  6 i n   s t e p s  of 
0.1  each. The r e s u l t  i s  shown i n   f i g u r e  37. The dashed  limiting  curve  corre- 
sponds to the  case  of  the  contact of the two surfaces  and i t s  in te rsec t ion   wi th  
the  ordinate 6 = 1, to   t he   ca se  of an inner  cylinder  with a small base   c i rc le  
radius  and  an outer  cylinder  with a very   l a rge   base   c i rc le   rad ius   ( ra t io  of r a d i i  
K = 0) ,  that   touch  each  other.  The r e f l ec t ion   f ac to r   co r re spond ing   t o   t h i s   po in t  
o r ig ina t e s  from the  computation  of  the example  of a c i r c u l a r   c y l i n d e r   p a r a l l e l   t o  
a plane w a l l  fo r   contac t  of t he  two surfaces and  amounts t o  0.182. 

For the   special   case of a concentr ic   c i rcular   cyl indrical   surface  with  par-  
a l l e l  axes, what has  been said for   the  concentr ic   spherical   surfaces   holds   with-  
out change. 

4. LAMBERT FEFI;ECTION 

The computations  of t h i s   s ec t ion   a r e   based  on t h e  l a w  of  Lambert r e f l e c t i o n  
for   bo th   sur faces  of the  two-surface  system: If heat  radiation  from any direc- 
t i o n   f a l l s  on a su r face ,   t he   r e f l ec t ions   a r e   d i s t r ibu ted   acco rd ing   t o   t he  Lambert 
cosine l a w .  The d i r e c t i o n a l   d i s t r i b u t i o n  of t h e   r e f l e c t i o n   c o e f f i c i e n t  i s  ac- 
cordingly  independent  of  the  direction of incidence.  Since  the Lambert cosine 
l a w  w a s  a l s o  assumed f o r   t h e   d i r e c t i o n a l   d i s t r i b u t i o n  of the  emissions, we have 
in   the   case   o f   the  Lambert reflector,   the  important  mathematical   simplification 
that   the   emissions  and  ref lect ions may formally be equal ly   t rea ted .  The sum of 
a l l  r e f l e c t i o n s  can  be combined with  the  emission  into a new magnitude. In   t he  
visible  wavelength  region one  would speak  of  the  brightness of the  surface a t  a 
de f in i t e   po in t  and t h i s   i d e a  w i l l  a l s o  be car r ied   over   for   the   hea t   rad ia t ion .  
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Figure 3 7 .  - Ref lec t ion   fac tor  f121 for eccent r ic   c i rcu lar   cy l inders  
wi th   para l le l   axes  as a func t ion   o f   r a t io  of r a d i i  K and  dimensionless 
eccen t r i c i ty  0 .  

We f i r s t  consider  the  computation of t he   r e f l ec t ion   f ac to r s   i n   t he   s ense   o f  
the   theory   g iven   in   sec t ion  2. In   the   case   o f   the  Lambert re f lec t ion ,   the   d i rec-  
t i o n a l   d i s t r i b u t i o n  of the   re f lec ted   energ ies  i s  independent  of  the  origin  of  the 
beam. Hence, t he   r e f l ec t ion   f ac to r s   w i th   d i f f e ren t  f i r s t  and  equal  second  and 
th i rd   index  numbers coincide  and  the number of t he   r e f l ec t ion   f ac to r s   r educes   t o  
four, namely: - 

fill = f Z l l  1 
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The t h e o r y   o f   t h e   h e a t   t r a n s f e r   f o r  Lambert r e f l e c t o r s  w i l l  then  be  gener- 
alized. We sha l l   no t   on ly   r e s t r i c t   ou r se lves   t o   t he   t r ea tmen t   o f   t he   two-su r face  
system, bu t   a l so   i nves t iga t e  more general  arrangements  of  surfaces. We also  drop 
the  approximation  assumption  of  the  second  section i n  accordance  with  which  the 
second, t h i rd ,   and   fu r the r   r e f l ec t ions   l oca l ly  and d i r ec t iona l ly  have the  same 
Ciistributions as t h e  f irst .  These discussions are given i n   s e c t i o n s  42 t o  45. 

F ina l ly ,   t he  examples  of  the l as t  sec t ions  w i l l  a l s o  be t rea ted   under   the  
assumption  of  the l a w  of Lambert r e f l ec t ion .  

41. Computation of Reflect ion  Factors  

The surface F1 of a two-surface  system  emits  the  radiation  energy 

of  which t h e   f r a c t i o n  FIElcplz f a l l s  on the   sur face  
f l e e t s   t h e  amount FIElcplzpzf 121 back to   t he   su r f   ace  

F z   t h a t   i n   t u r n   a g a i n   r e -  

F1' 

We f i x  a point  on the   sur face  F1 by the  coordinate x1 and a point  on t h e  
surface FZ by the  coordinate  x2. In   general ,  x1 and  x2 are  each  determined 
by two s c a l a r  magnitudes, the  surface  coordinates  on the  surfaces .  Correspond- 
ingly, dxl and dxz are   usual ly   surface  e lements   and  the  integrals   over   func-  
t i o n s  of x1 or x2 are   double   integrals .  

O f  the  emission  from  the  surface F1, the  radiat ion  energy FlE1cpl,% f a l l s  

on the  surface  element  dF(xz) a t  the   po in t  x2, which owing t o   t h e  known re la -  
t i o n  

between the   so l id   ang le   r a t io s ,  i s  a l s o   e q u a l   t o  E 1  ~ F ( X ; ? ) ( P ~ ~ , ~ .  Here cp1,x2 

deno tes   t he   so l id   ang le   r a t io   fo r   t he   r ad ia t ion  exchange  of t he   en t i r e   su r f ace  
F1 with  the  surface  element  dP(xz)  and is ,  therefore ,  a d i f f e r e n t i a l .  The 
s o l i d   a n g l e   r a t i o   f o r   t h e   r a d i a t i o n  exchange  of the  surface  element  *(xz)  with 
F1 i s  denoted  by cpx2,1. According t o   t h e  Lambert r e f l e c t i o n  l a w  the  surface 
F2 re f lec ts   back  on F1 t h e  amount pzcpx2,1 t imes   the   inc ident   rad ia t ion .  

Integrat ing  over  F2, t he re  i s  obta ined   the   to ta l   rad ian t   energy   re f lec ted  by 
F2 on the  surface F1: 

Comparison with  the  expression  formulated  with  the  aid of t h e   r e f l e c t i o n   f a c t o r  
l e a d s   t o   t h e   r e l a t i o n  

I 



which  by  interchanging  indices,  goes  over  into  an  analogous  expression  for 
f212  = f112 = A l a  

The equations (50) stemming from  the  second l a w  of  thermodynamics go over 
f o r   t h e  Lambert ref lect ion,   taking  account   of   equat ion (67 ) ,  in to   the  requirement  
A2 = (pzl and A1 = ql2, which i s  s a t i s f i e d   o n l y  i f  t h e   s o l i d   a n g l e   r a t i o  cp 

and cpx 2, depending on the  point   coordinates ,   are   constant   and  therefore   equal  

t o  cpZl and (p12, respect ively.  The contradiction, as mentioned e a r l i e r   i n   t h e  
report ,  i s  due to  the  approximating  assumption  according  to  which  the  second  and 
f u r t h e r   r e f l e c t i o n s   a r e   d i s t r i b u t e d   i n   t h e  same  way as t h e  first.  We circumvent 
t h e   d i f f i c u l t y  by  computing the   re f lec t ion   fac tors   accord ing   to   equa t ion  (68) and 
assume r e l a t i o n s  (51) and ( 5 2 )  as approximately  valid,  nevertheless. 

x29 1 

1' 

42. Simplified Theory  of  Many-Surface  System 

We consider a system  of n sur faces   tha t  exchange radiat ion  with  each 
other.  Each surface i s  assumed t o  have the  same temperature  and  the same radia- 
t ion   p roper t ies   (emiss ion  and r e f l e c t i o n   c o e f f i c i e n t s )  a t  each  point  and  from 
each  surface  element of any surface,   only  parts  of  the  surfaces of the  system 
can  be  seen. We denote  such a configuration,  by  analogy  with  the  two-surface 
system, a multisurface, or more accurately,  an  n-surface  system. 

For  the  following  computations we assume the  Lambert cosine l a w  for the   di-  
r e c t i o n a l   d i s t r i b u t i o n  of the  emissions  and  ref lect ions  and  fur ther  make the  ap- 
proximating  assumption  that   the  reflections on each  surface  are  locally  uniformly 
d i s t r i b u t e d  so tha t   t he   b r igh tness  on each  surface i s  a constant. 

The kth  surface  emits  the  radiation  energy 

FkEk = F  k C s E k (")* 100 

and i t s  br ightness  i s  made  up of i t s  emission  per  unit  surface  and  the sum of a l l  
re f lec ted   rad ia t ions :  

The to t a l   su r f ace   r ad ia t ion  Fk, therefore,  i s  FkHk. O f  t h i s   t o t a l   t h e   p a r t  
FkHkqki reaches  the ith surface, which aga in   r e f l ec t s   t he  amount  FkHk(Pkipi, 
and owing t o   t h e   r e l a t i o n  
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between the  solid a n g l e   r a t i o s  i s  a l s o   e q u a l   t o  FIHkCpikpi.  The sum of the re- 
f l ec t ions   o f   t he  ith surface i s  then  obtained as 

n 
Fi Ri = piFi  %kHk 

k = l  

and, f inally,   from  equation (69)  the   b r ightness  Hi of t h e  1 ith surface 

n 
Hi = Ei + p i vik% 

k= l  

The equation (70 )  can be w r i t t e n  down for   each  index i, hence, n times a l to -  
gether.   This  equation  represents a system  of n l i nea r   equa t ions   fo r   t he   de t e r -  
mination of  t h e  n unknown br ightnesses   o f   the  n surfaces.  

The concept  of  the  heat  transfer  from one su r face   F i   t o   ano the r   su r f ace  
Fk here becomes devoid  of   appl icat ion  in   contrast   to   the  computat ions where the  
re f lec t ions   a re   neglec ted ,   for   the   hea t  exchange process i s  no longer a matter  of 
two considered  surfaces  alone,  but a l l  o ther   sur faces   par t ic ipa te  as r e f l ec to r s .  
The heat  exchange  of  group I of  the f irst  m surfaces  Fi (index i = 1 . . . m )  
with  group 11 of  the  remaining  (n - m )  surfaces  Fk ( index k = m + 1 . . . n)  
i s  of in te res t .   This   hea t  exchange i s  expressed  in  the  form  of  the  double sum 

from  an  energy  balance  through  comparison  of a l l  t he   r ad ia t ions   s en t   ou t  from  one 
group t o   t h e   o t h e r .  The sequence  of t h e  summations  can  be  interchanged. The 
heat  

given  off by t h e   i t h   s u r f a c e   t o  a l l  remaining  surfaces  follows as a spec ia l  
case ( m  = 1) from  equation ( 7 1 ) .  The  same resul t   g ives   an  energy  balance  for   the 

surface Fi i n  which t h e  sum of a l l  absorbed amounts,  namely EiFi 2 (PikHk, i s  

subtracted from the  emission FiEi. 
k = l  



The solution  of  the  system of  equations (70)  f o r  a not t oo  l a rge  number of 
surfaces  n i s  bes t   e f f ec t ed   i n   c lo sed  form, f o r  example, accord ing   to   the  
Gauss algorithm. For l a rge  n the  use  of   an  i terat ion  process  i s  recommended. 
On the  r ight   s ide  of   the   equat ions  the  emission  energies  Ei general ly  predom- 
i n a t e  so tha t   t he   f i r s t   app rox ima t ion  H i  = E: can  be s u b s t i t u t e d  on the   r igh t .  
The Hi obtained on t h e   l e f t   s i d e  of  the  equation  can-again  be  substi tuted on 
the   r i gh t   s ide  and the  process can be  repeated  unt i l   the   desired  accuracy i s  at- 
tained. 

The s implif ied  theory of the  multisurface  system  can  be  applied t o   t h e  
treatment  of  the  two-surface  system  with  account  taken  of  the  local  distribution 
of t he   r e f l ec t ions  by dividing  the  surfaces   into  par t ia l   surfaces .  The accuracy 
can  be r a i s e d  by increas ing   the  number of pa r t i a l   su r f aces .  The l imit ing  case 
of i n f i n i t e l y  many par t ia l   sur faces   cor responds   to   the   theory   o f   the   next   sec-  
t ion.  

The system  of  equation ( 7 0 )  can  formally  be  written as a vector  equation i f  
the n brightnesses H i  are   taken as the components  of a br ightness   vector  H 
and the n emissions E t  are  taken as the components  of the  endssion  vector.  
With the n-row and n-column coef f ic ien t   mat r ix  

M =  

. . .  

. . .  

. . .  
t he  system ( 7 0 )  assumes the  form 

H = E + M H  ( 7 3 )  

where the  vector H occurs as column vector  in  the  matrix  product.  

For  the  special  case  of  the  simplified  theory  of  the  two-surface  system,  the 
l i n e a r  system of  equation ( 7 0 )  becomes 

H 1  = E 1  + Pl(P11H1 + PyP12HZ 

The elimination of H1 gives 
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The analogous  re la t ion  for  Hz follows  from  the  preceding  relation by in t e r -  
changing the   ind ices .  The expres s ion   fo r   t he   hea t   t r ans fe r  from the  f i r s t  t o  
t h e  second  surface 

i s  obtained  from  equation 
the  heat   g iven  off  by t h e  
per   un i t  time. We put it 

(72),  since i n   t h e   c a s e  of the  two-surface  system, 
f i rs t  surface i s  e q u a l   t o   t h e   h e a t  Q12 t r ans fe r r ed  
in   the   fo l lowing   form 

and  by subs t i tu t ing   the   express ions   for   the   b r ightnesses ,   ob ta in   the   cor rec t ion  
f a c t o r  

t h a t  i s  t o  be  appl ied  to   the  Nussel t   approximation.   Equat ion ( 7 4 )  a l so   fo l lows  
as a special  case  from  equation (52) i f  the  corresponding  solid  angle  ratios are 
subs t i t u t ed   i n   p l ace   o f   t he   r e f l ec t ion   f ac to r s .  If the  f irst  surface F1 i s  
convex, t he   co r rec t ion   f ac to r  K s i m p l i f i e s   t o   t h e  known r e l a t i o n  

For the  single  radiating  surface  (cavity  of  constant  temperature)  system 
( 7 0 )  goes  over  into  the  single  equation H = E + pH, from  which it fo l lows   t ha t  
the   b r ightness   o f  a cav i ty   r ad ia to r  i s  e q u a l   t o   t h a t  of  the  blackbody  radiator 
( for   equal   temperature  ) . 

43. Integral   Equat ion  for   Brightness   Distr ibut ion 

S ta r t ing  from the  notion  of a many-surface  system, we now  make the   l imi t ing  
t r a n s i t i o n   t o   i n f i n i t e l y  many surfaces .  We consider a system of  surfaces whose 
temperature T and, therefore ,   the   radiat ion  emission E per   uni t   surface,  
whose radiat ion  propert ies   (emission  and  ref lect ion  coeff ic ients)   and whose 
br ightness  H varies from  point   to   point .  As i n   s e c t i o n  41, we f i x   t h e   p o s i -  
t i o n   o f  a point  by a point  coordinate x, which in   genera l ,   cons is t s   o f  two 
scalar  magnitudes ( surf  ace  coordinates ) . 

For what follows we introduce a f ixed  point   coordinate  x and a current  
coord ina te   ( in tegra t ion   var iab le)  5 .  The s o l i d   a n g l e   r a t i o  cp f o r   t h e  ra- 
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d ia t ion  exchange  of the  surface  element  dF(x) a t  the   po in t  x wi th   t ha t  at the  
point  5 ,  dF(k), i s  e q u a l   t o  

‘pxg = g(x, E.)a(r;) 

where g i s  the   func t ion  

of the two point  coordinates,  symmetrical i n  x and 6; r i s  the   d i s tance  be- 
tween the two surface  elements  and v1 and v2 are   the  angles   between  the sur- 
face  normals and connect ing  l ine of the  e lements   ( f ig .  28 ) . 

From the  surface  element a t  the  point   the   radiat ion  energy  dF(i)H(5)  i s  
emitted. Of th i s   r ad ia t ion ,   t he   pa r t  

QX 
@ ( S ) H ( S )  = g(x ,   S)=(x)@(S)NS)  

i s  t o  be  added to   the  emission  per   uni t   surface 

E ( x )  = CS€(x) [@l4 
to   obtain  the  br ightness   H(x) .  The solution  of  the  Fredholm  integral   equation 
fo r   t he   b r igh tness   d i s t r ibu t ion  i s  H(x): 

With re ference   to   the   theory  of the  multisurface  system we divide  the  system 
of   surfaces   into two regions; namely, B 1  and B2, and compare the   r ad ia t ions  
from one region  to  the  other  in  an  energy  balance.  Denoting  the  brightness and 
point  coordinate on B1 by HI and x1, respectively,  and the  br ightness   and 
point  coordinate on B2 by HZ and xz, respect ively,   the   radiat ion  energy 
t r ans fe r r ed  from the f i r s t  region  to  the  second i s  
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The hea t   g iven   of f   per   un i t   sur face  a t  the  point  x follows as a special   case 
from the  formula (78)  i f  the  region I31 i s  assumed i n f i n i t e l y  small; or through 
the  subtract ion  of  a l l  absorbed amounts from the   emission  E(x)   per   uni t   surface:  

The i n t e g r a l  i s  t o  be  taken  over  the  entire  system  of  surfaces.  

The solving  of  integration  equation  (77) is bes t   e f f ec t ed   t h rough   i t e r a t ion  
by   subs t i t u t ing  a f i rs t  approximation  funct ion  for   the  br ightness   dis t r ibut ion 
i n   t h e   i n t e g r a l   t o   o b t a i n  a second  approximation  from  the  equation. The itera- 
t ion  process  i s  t o  be cont inued  unt i l   the   desired  accuracy i s  at ta ined.  The 
process  converges more rap id ly   the   smal le r   the   re f lec t ion   coef f ic ien t   p (x) ,   tha t  
is, the  term E ( x )  on the   r i gh t   s ide   o f   t he   i n t eg ra l   equa t ion  i s  more predomi- 
nant. 

The close  connection  of  the  results of th i s   sec t ion   wi th   the   s impl i f ied  
theory of the  multisurface  system i s  evidenced most c l e a r l y  if t h e   i n t e g r a l   i n  
equation ( 7 7 )  i s  formally  expressed  by  an  integral   operator M, which c a r r i e s  
over   the  br ightness   dis t r ibut ion  into  another   point-dependent   funct ion;  namely, 
i n   t h e   r e s u l t  of t he   i n t eg ra t ion .  The in tegra l   equa t ion  ( 7 7 )  then assumes t h e  
same form as the   vec tor ia l ly   wr i t ten   sys tem of equations  (70), so tha t :  

H = E + M H  ( 7 3 )  

The operat ion  of   the  matr ix   mult ipl icat ion,   in   the  case of the  multisurface  sys- 
tem, corresponds to   the  integrat ion;   the  emission  and  br ightness   vectors   corre-  
spond to  the  point-dependent  functions  E(x)  and  H(x).  

44. Two-Dimensional  Problems 

In  the  case of in f in i te ly   long   cy l indr ica l   conf igura t ions   the   sur face   e le -  
ment d.F(x) can  be  taken as i n f i n i t e l y   l o n g  narrow s t r i p s .  The area of dF(x) 
i s  equal   to   the  product  of the  arc  element ds i n  a sect ion normal t o   t h e  gen- 
eratr ices   of   the   surfaces   and a unit   length,  which i s  always  eliminated from t he  
computat ion  by  referr ing  the  emissions,   br ightnesses   and  heat   t ransfers   to   uni t  
length. 

With the   no ta t ion   of   f igure  38 we compute the   so l id   ang le   r a t io  of the ra- 
d i a t ion  exchange of the  surface  e lement   s t r ip   dF(x)   with dF( 6) through  integra- 
t i o n  of t h e   s o l i d   a n g l e   r a t i o   f o r   t h e   r a d i a t i o n  exchange  between dF1 and dF2 
over  the  length z: 

The angles vl, a, and V i  are s ides   of  a rec tangular   spher ica l   t r iangle .  The 
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spherical  Pythagorean  theorem  leads t o   t h e   r e l a t i o n s  

cos v i  = cos v1 cos a = COS v r and r 
2 r' 17- cos v; = cos v - 

By subs t i t u t ing   i n   t he   exp res s ion  for g 

the re  i s  obtained  the solid a n g l e   r a t i o  

i f  the   func t ion  i s  introduced  then, 



symmetrical i n  x and 5 and  dependent  on  the two point  coordinates. For the  
remainder, the  equations ( 7 7 )  t o  ( 7 9 )  a lso  hold  with  the new surface  elements  ex- 
cept   that   in   the  formulas   the  funct ion  g(x,  E;) i s  t o  be  replaced  by  y(x, 5 )  and 
the  surface  element dF by  the  arc  element ds, whereby the  emissions,   bright-  
nesses   and   hea t   t ransfers   then   re fer   to   un i t   l ength .  

45. Approximate Solut ion  of   Integral   Equat ions  for  Two-Surface  System 

In  the  case of the  two-surface  system it i s  convenient t o   r e so lve   t he   i n -  
tegra l   equa t ion  ( 7 7 )  i n t o  a system of two in tegra l   equa t ions  as follows; 

H 1 b 1 )  = E 1  + P 1  j -  g ( q ,  S 1 ) H 1 ( S l ) W S 1 )  + P I  g(x1,  SZ)H2(S2)dm2) 

H Z ( X 2 )  = E2 + P2 J g(x2, S 1 ) H 1 (  S 1 ) W  5 1 )  + P2 g(x2, S 2 ) H 2 (  E 2 ) W  E21 

F1 4 
4 I (82  1 

F1 

where the  index 1 refers   to   the  point   coordinate ,   br ightness ,   emission  coeff i -  
c i en t  and r e f l ec t ion   coe f f i c i en t  on t h e   f i r s t   s u r f a c e  and the  index 2 r e f e r s  
to  the  corresponding  magnitudes on the  second  surface. The t r ans fe r r ed   r ad ia t ion  
energy i s  obtained  from  equation  (78)  by making the  regions B 1  and B2 CO- 

incide  with  the surf aces F1 and F2. 

To solve  the  integral   equation  system ( 8 2 )  we  make use  of   the  i terat ion 
method. On the   r igh t   s ide ,  as f i r s t  br ightness   d i s t r ibu t ions ,  we put   the con- 

s tant   br ightnesses  H P )  and H i o )  that   are   obtained  f rom  the  s implif ied  theory 
of the  two-surface  system  (sec.  42) and, s ince  these  are   a l ready a f a i r l y  good 
approximation, we b reak   o f f   t he   computa t ion   a f t e r   t he   f i r s t   i t e r a t ion   s t ep .  On 
t h e   l e f t   s i d e  of the  system we then  obtain  the f i rs t  b r igh tness   d i s t r ibu t ions  

HI1) ( xl)  and ( x2), and this   const i tutes   the  only  approximating  assumption 
of the  succeeding  computations. On the   r i gh t   s ide  of  equation ( 8 2 )  we can now 

take  the  constants  H P )  and "io) outs ide   the   in tegra l   s ign .  The remaining 
in t eg ra l s   a r e  solid ang le   r a t io s   fo r   t he   r ad ia t ion  exchange  of a surface  element 
with one of  the two surfaces of the  two-surface  system, €or example 

" 2  

and  the  system  (82)  goes  over  into  the  form 



o r  

To formulate  the  heat  transfer  from  the f i r s t  s u r f a c e   t o   t h e  second we require  

the  difference of the two br ightness   funct ions H ( I ) .  The br ightnesses  HI 

and Hio) are  connected by the  l inear  system  of  equations ( 7 0 )  w r i t t e n   f o r   t h e  
case n = 2. If t h e   s o l i d   a n g l e   r a t i o s  (pll and 'pz2 are  replaced  by 1 - 'p12 
and 1 - (pzl and the  second  equation i s  subtracted  from  the f i rs t  the re  i s  ob- 
t a ined  

(0 1 

whence there  i s  f ina l ly   ob ta ined  

We subs t i tu te   in   equa t ion  ( 7 8 )  and take  the  constants   outs ide  the  integral   s ign.  
The remaining  double  integrals we express   with  the  a id  of the  magnitudes A1 and 
Az, a cco rd ing   t o   t he   de f in i t i on  of  equation (68), so t h a t  

I G  

and ob ta in   fo r   t he   r ad ia t ion  

I 2  

energy  transferred  from F1 t o  F2: 
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and for t he   co r rec t ion   f ac to r   t o  be  applied to  the  Nusselt   approximation  accord- 
i ng  to equation (51): 

If the  surface F1 i s  convex, we have 'p12 = 1, cp5,2 = 1 and, therefore,  
A1 = 1, which yields!  

The expressions  (52) - w i t h   t h e   r e f l e c t i o n   f a c t o r s   f o r   t h e  Lambert 
r e f l e c t i o n  - and (84)   are   different   approximations  for   the same correct ion  fac-  
tor K. Their  comparison shows agreement  except fo r   t e rms   i n  which a t  l e a s t  two 
r e f l ec t ion   coe f f i c i en t s   occu r  as f ac to r s .  Thus, in  both  approximations  the f i r s t  
r e f l ec t ions   a r e   t r ea t ed   exac t ly ;  whereas,  only  the  second  and  further  reflections 
are  approximate.  Furthermore, a second  i terat ion  s tep  can  give  only  correct ion 
terms  with two r e f l e c t i o n   c o e f f i c i e n t s  as f ac to r s ,  and a th i rd   wi th   on ly   th ree  
r e f l ec t ion   coe f f i c i en t s .  

46. Sphere  and  Plane Wall 

We inves t iga t e   t he   r ad ia t ion  exchange of a sphere w i t h  a plane w a l l  i n   t h e  
arrangement  and  with  the  notations  of  section 31. Since  the  surface F1 i s  
convex, we need t o  compute only  the  magnitude A2. Further,   the  solid  angle 
r a t i o  cpZ1 = 0, because  the  surface F2 i s  i n f i n i t e l y   l a r g e .  

The so l id   ang le   r a t io  cp fo r   t he   r ad ia t ion  exchange  between a surface 
Xz, 1 

element on the w a l l  ( a t  A i n   f i g .  39) and the  sphere i s  t o  be determined f i r s t .  
We reca l l   the   g raphica l   cons t ruc t ion  of the  sol id   angle   ra t io   in   conformity  with 
Nusse l t   ( re f .  4), accord ing   to  which the  surface F1 under  consideration i s  t o  
be projected a f i r s t  time on the  unit   sphere  about  the  point A as project ion cen- 
t e r ,  and the   r e su l t i ng  image projected a second  time on the   t angen t i a l   p l ane   t o  
the  surface  F2 a t  A ( in   our   case   the  w a l l  i t s e l f ) .  The required  sol id   angle  
r a t i o  i s  then   equa l   t o   t he   r a t io   o f   t he   a r ea  of the image on the   t angent ia l   p lane  
t o   t h e   a r e a  of t h e   u n i t   c i r c l e  ( g ) .  In   our   case,   the   project ion  of   the  radiat ing 
sphere on the   un i t   sphere  i s  a small c i r c l e   w i th   t he   r ad ius   s in  w, and  the  pro- 
j ec t ion  on the  w a l l  i s  an e l l i p s e   w i t h   t h e  semiaxes s i n  cu and s i n  w cos a. 
Thus, there  i s  obtained 

A s  the  surface  element 
t he  normal project ion 

on t h e  wall we choose a 
E of the  sphere  center 

narrow c i rcu lar   r ing   sur face   wi th  
M on t h e  w a l l  as the  center ,   the  
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distance EA = RxZ as t h e  mean radius,  R d x 2  as the  width,  and  the  surface  area 
as 

- 

From f igure  39 the  fol lowing  re la t ions  are   obtained:  

R 
and s i n  LD = - cos a = - a a 

a 

By subs t i t u t ing   i n   equa t ion  (86 )  t he re  i s  obtained 

and, with F1 = 4rtR2 as a rea  of the  radiating  sphere,   according t o  equation 
( 6 8 ) ,  t he   coe f f i c i en t  
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A2 = y (62 + x2)3 
x2 b 2  

2 

and f i n a l l y  

1 
8 6' 

A2 = - 

47. Ci rcu lar   Cyl inder   Para l le l  t o  Plane Wall 

For t h i s  two-dimensional  problem we a l s o  make use of f i gu re  39, which i s  
now t o  be   in te rpre ted  as a normal   sec t ion   to   the   ax is   o f   the   c i rcu lar   cy l inder ,  
and  permits  us t o   d e r i v e   t h e   s o l i d   a n g l e   r a t i o  'px2,1 graphical ly .  The c e n t r a l  
p ro jec t ion  of the  cyl inder  on the  unit   sphere  about  the  point A i s  a spher ica l  
lune bounded  by  two grea t   c i rc le   a rcs ;   the  normal pro jec t ion  of t h i s   s u r f a c e  on 
the  w a l l  i s  a lune bounded  by two e l l i p t i c a l   a r c s .  The requi red   so l id   angle  
r a t i o  i s  e q u a l   t o   t h e   r a t i o   o f   t h e   a r e a   o f   t h e   l u n e   t o   t h e  area of t he   un i t  
sphere   and   th i s  i s  e q u a l   t o   t h e   r a t i o  of  the maximum width 2 s i n  (u cos a of 
the   lune   to   the   d iameter  2 of   the   un i t   c i rc le !  

A s  a surface  element on the  w a l l  we choose  an a rea   (per   un i t   l ength)  

of a small s t r ip   pa ra l l e l   t o   t he   cy l inde r   ax i s   w i th   t he   w id th  R dx2 a t  the   d i s -  
tance EA = R x ~  from t h e  normal  projection of the  cyl inder   on  the w a l l .  The 
angle   funct ions  s in  w and  cos a, are  connected  with  the  dimensions  of  the  fig- 
u r e   i n   t h e  same way as i n   s e c t i o n  46. Subs t i tu t ion   in   equa t ion  (88) gives  

- 

and, with F1 = 27rR as area per   un i t   l ength  of the   rad ia t ing   cy l inder ,  
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and f i n a l l y  

1 
A2 =z 

48. Eccentric  Spherical   Surfaces 

Two eccentr ical ly   s i tuated  spherical   surfaces   interchange  radiat ion  with 
each  other. As  i n   s ec t ion  33, we choose t h e   r a t i o  of K of the   sphere   rad i i  and 
the  dimensionless   eccentr ic i ty  6 as parameters  of  the  problem.  Again  only A2 
i s  t o  be computed and  the  solid  angle  ratio  for  the  radiation  interchange  between 
the  outer  and  inner  spherical   surface amounts t o  'pzl = K2. 

A s  the  surface  element  of  the  external  sphere we choose,  according t o   f i g -  
ure 40, the   surface  area of a very low truncated cone  and for   determining  the 
locus we choose the  angle   a t   the   center  ( I  

m(xZ)  = 2 7 t ~ 2  s i n  5 

The visual  rays  from  the  point P to   the   contour  of the  inner  sphere  form a c i r -  
cular  cone with  the  half   aperture  angle 0) whose a x i s  makes the  angle a. with 
the  surface normal  of the  outer  sphere.  The so l id   ang le   r a t io  'px2,1 is, i n  
our example, again computed from t h e   r e l a t i o n  (86), with 

s i n  CD = - KR 
a 

cos a. = - (1 - 6 cos 5 )  R 
a 

and a = M1P according  to  the  cosine l a w  i n   t h e   t r i a n g l e  M1PM26 
- 

and  found t o  be 

qx2,1 = 5 K 2 ( l  - 6 cos ( )  

With the  area F1 = 4.r(R2~' o f   the   inner   sphere ,   a f te r   subs t i tu t ion   in   the  ex- 
pression ( 6 8 ) ,  t he re  i s  obtained 
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I n  the  special   case  of   concentr ic   spheres  ( 6  = 0 )  t h e   i n t e g r a l  i s  g rea t ly  
simplified  and  there i s  obtained  the well-known so lu t ion  

f121 = A2 = K 2 = cpZl (90) 

In  general,  the  magnitude A2 i s  a funct ion of both  parameters K and 6. 
We transform  the  integral   through  the  subst i tut ion 

cos l: = t 

i n t o   t h e  form 

J-  1 

i n  which the   i n t eg ra t ion  can  be car r ied   ou t  by means of  decomposition  into  par- 
t i a l  f r ac t ions :  

For small eccent r ic i ty   the   se r ies   expans ion  

A2 = Z z k k  4 + 3 + -)E 2k 1 + 1 Zk 

k=O 

i s  recommended.  The funct ion AZ(k,6) increases  monotonically  with  the  eccen- 
t r i c i t y  6. Star t ing  with  horizontal   tangent  from the  value K z ,  t h e   r i s e  be- 
comes s teeper   wi th   increas ing   eccent r ic i ty .  The l imit ing  case 6 = l and 
K = 0 corresponds t o  a very small inner  and  very  large  outer   sphere  that   touch 
each  other. The corresponding  coefficient A2 can  be  taken  from  the computa- 
t i o n  of t h e  example  of a sphere  and a plane w a l l  in   contact   wi th  each  other   and 
has  the  value 
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49. Eccentr ic   Circular   Cyl indrical   Surfaces   with  Paral le l  Axes 

Two in f in i t e ly   l ong   c i r cu la r   cy l inde r s   w i th   pa ra l l e l   axes   eccen t r i ca l ly  
s i t u a t e d  exchange  heat  through  radiation. The arrangement  and  notations  of  the 
plane  problem  here  considered  correspond t o   t h e  example  of s ec t ion  34. The 
s o l i d   a n g l e   r a t i o   f o r   r a d i a t i o n  exchange  from t h e   o u t e r   t o   t h e   i n n e r   c y l i n d r i c a l  
surface i s  'pzl = K and  again A2 i s  t o  be computed as a funct ion  of   the two 
parameters K and 6. 

To determine  the  sol id   angle   ra t io  'pxz,l f o r   t h e   r a d i a t i o n  exchange  be- 
tween a surface  element on the  outer   cyl indrical   surface  and  the  inner   surface 
we again  use  f igure 40, which i s  now t o  be in t e rp re t ed  as normal  section t o   t h e  
axes  of   the   c i rcular   cyl inders .  The v i sua l   r ays  from the   po in t  €' t o   t h e  con- 
t o u r  of the  inner  cylinder  form a wedge with  the half  aperture  angle o, whose 
plane  of symmetry forms  the  angle a w i t h  the   surface  normal   of   the   outer   cyl in-  
der  surface P. The requi red   so l id   angle   ra t io  i s  then  found from formula (88) 
with  account  taken  of  the  relation,  already  used  in  the l as t  section,  between  the 
geometric  magnitudes  of  the  arrangement: 

A s  surface  element on the   ou ter   cy l inder  we choose  an i n f i n i t e l y   l o n g  narrow 
s t r i p   i n   t h e   d i r e c t i o n  of the  generatrices  of  the  width R dI; with  the  area 
(per   un i t   l ength)  

With the   a rea  F1 = 2gRK ( re fer red   to   un i t   l ength)   o f   the   inner   cy l inder   sur face  
the re  i s  obtained,  from  equation (68) 

The subs t i t u t ion  

t a n  I = t 2 

l eads   to   the   express ions  

and  enables  the  elementary  evaluation  of  the  integral   by means of   reso lu t ion   in to  
p a r t i a l   f r a c t i o n s .  The function 



" 

Figure 40. - Determination of  s o l i d   a n g l e   r a t i o  u x2J- 

AZ = $[-] (93) 

as   in   the  preceding example, monotonically  increases  with  the  eccentricity 6. 
It s tar ts  with  horizontal   tangent   with  the  value K and r i ses   wi th   increas ing  
e c c e n t r i c i t y  more and more steeply.  The l imit ing  case 6 = 1 and K = 0 corre- 
sponds to   an  inner   cyl inder   with a very small diameter  and  an  outer  cylinder  with 
a very  large  diameter. The corresponding  coefficient A2 can  be  taken from the  
computation  of  the example  of a c i r c u l a r   c y l i n d e r   p a r a l l e l   t o  a plane w a l l  and 
has  the  value 
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5. SWERPOSITION OF ECEFiXCTION LAWS, FBSULTS OF WUREMENTS 

FOR ECCENTRIC SPHERICAL SURFACES 

51. Dispersion  Coefficient 

The specular  and  the Lambert ref lector   are   mathematical  models that   enable  
a computation  of  the  heat  exchange  through  radiation  with a t o l e r a b l e  amount of 
computation. As previously mentioned, t he  measured d i r e c t i o n a l   d i s t r i b u t i o n s  of 
t h e   r e f l e c t i o n s   l i e .  between the  two extremes  t reated and, therefore ,  it appears 
t o  be a reasonable   assumption  that   the   t rue  s i tuat ion i s  best  approximated by 
superposing  the  results of t he  two r e f l e c t i o n  laws. 

We shall  f irst  apply t h i s  assumption t o   t h e   d i f f e r e n t i a l   r e f l e c t i o n  law,  
t ha t  is, to   the   inc ident   angle-dependent   d i rec t iona l   d i s t r ibu t ions   o f   the   re f lec-  
t i ons .  The approximation  of  the  measured  directional  distributions  of  the  re- 
f l e c t i o n   c o e f f i c i e n t  by a mixture of t h e  laws of specular  and Lambert r e f l e c t i o n  
would then  appear t o  be rather   bold,   s ince  for  a def ini te   direct ion,   considerable  
deviations may occur. 

However, o u r  assumption  does  not r e f e r   t o   t h e   d i f f e r e n t i a l  l a w  b u t   r e f e r s  t o  
t he  problem  of the  heat  transfer.   In  each  case,   the  exchanged  radiation  energy 
i s  obtained  through  repeated  integration  from  the  emission  and  reflection laws 
and, i n  accordance  with  the  theory  of  the  second  section, i s  determined  by  the 
so l id   ang le   r a t io s  and r e f l e c t i o n   f a c t o r s  of t he  problem  under  consideration. 
Let a c e r t a i n   r e f l e c t i o n   f a c t o r  assume the  value f sp  f o r   t h e  l a w  of  specular 
r e f l e c t i o n  and the  value f L m  f o r   t h e  Lambert r e f l e c t i o n .  For t he   r e su l t i ng  
r e f l e c t i o n   f a c t o r   t o   b e   s u b s t i t u t e d   i n  computing the   hea t   t ransfer  we  now assume 
the  expression 

that   permits  a best   possible   approximation  to   real i ty   through a suitable  choice 
of the   coef f ic ien t  A i n   t h e   i n t e r v a l  between 0 and 1. We denote  the  coef- 
f i c i e n t  A as the   d i spers ion   coef f ic ien t  or the  degree  of  dispersion. The dis-  
persion  coefficient  depends  primarily on the   r e f l ec t ion   p rope r t i e s  of the  par- 
t i c ipa t ing   su r f aces  and  secondly on t h e i r  geometry. It i s  zero i f  there   are   only 
Lambert r e f l e c t o r s  and  thus  gives a measure  of the  dispers ion  capaci ty  of t he  
re f lec t ing   sur faces .  Because,  however, su r f aces   w i th   d i f f e ren t   r e f l ec t ion  prop- 
e r t i e s   g e n e r a l l y   p a r t i c i p a t e   i n   t h e   r a d i a t i o n  exchange, A i s  not a constant of 
the  mater ia l   but  a c h a r a c t e r i s t i c  magnitude  of t h e   p a r t i c u l a r  problem  under con- 
s iderat ion.  

In  the  case  of  the  two-surface  system we  may ask  which of t he  two surfaces 
has   the   g rea te r   e f fec t  on the  determinat ion  of   the  dispers ion  coeff ic ient .  If 
one surface,   for  example Fl, i s  convex or nearly convex, formula (56) has shown 
t h a t   t h e  second  surface F2 essentially  determines  the  value of A. In  formula 
(56)  on ly   r e f l ec t ion   f ac to r s  t ha t  r e f e r   t o  a r e f l e c t i o n  a t  the  surface F2 ap- 
pear ;   the   other   four   ref lect ion  factors ,   according  to   formula (53) follow  from 



the  convexity  of  the f irst  surface.  Accordingly, it i s  t h e  more concave  of t h e  
two su r faces   ( i n   t he  computed examples the  enveloping  cavity) on whose r e f l e c t i o n  
proper t ies   the   d i spers ion   coef f ic ien t   ch ie f ly  depends. 

52. Results of Measurements for  Eccentric  Spherical   Surfaces 

Measurements  of the  heat   t ransfer   through  radiat ion  (e .g . ,   eccentr ic   spher-  
i ca l   su r f aces ) ,  were carr ied  out   by K. E l s e r   ( r e f .  7 )  a t  t h e   I n s t i t u t e   f o r  Ther- 
modynamics and  Combustion  Engines  of the   Swiss   Ins t i tu te  of  Technology. I n   h i s  
t e s t  arrangement  he  used  spherical   surfaces  with  the  ratio bf r a d i i  K = 0.5 
and  with  various  surfaces. He found   t ha t   t he   hea t   t r ans fe r   c l ea r ly   i nc reases  
wi th   increas ing   eccent r ic i ty   (no t  as much as with  the  computation  with  the l a w  
o f   specu la r   r e f l ec t ion )   and   t ha t   fo r   t he   va r i a t ion   w i th   t he   eccen t r i c i ty   on ly  
the   r ad ia t ion   p rope r t i e s  of the  outer   spherical   surface were  of significance.  
These resul ts   agree  with  the  predict ion  of   the  theory.  

With a s imilar ly   constructed  tes t   arrangement  tes ts  were car r ied   ou t  by the  
present   author   using  eccentr ic   spherical   surfaces   with  the  ra t io  of r a d i i  
K = 0.3. An inner  sphere  of  brass of 30 millimeters  outer  diameter  exchanged 
rad ia t ion   wi th  a hollow  copper  sphere  of 100 mill imeters  inner  diameter.  Both 
surfaces were black-oxidized; however, the  oxide  layers  were l e s s  dense  and  black 
than  those  of  the  test   plates  of  black-oxidized  brass  sheet  mentioned  in  sec- 
t i o n  1. 

The inner  sphere  had  an  interior  cavity.   This  cavity  contained a heating 
c o i l  of canthal  coils,  which  were  loaded  with  about 40 wat ts   during  the  tes t .  
The w a l l  of the  sphere w a s  4 mil l imeters   thick and  conducted the  heat   in   tangen-  
t i a l  d i r e c t i o n   s u f f i c i e n t l y   t o   a s s u r e  a uniform  surface  temperature. The tem- 
pera ture   dur ing   the   t es t s  was about 490° t o  500° C and  could  be  determined  with 
a copper-constantan  thermocouple whose wires were mort ised  into two separated 
oppositely  lying  holes of 1 mil l imeter   tangent ia l ly   into  the  sphere wall. The 
thermo-electromotive  force w a s  measured  without  current by applying  an  equal  and 
opposite  compensation  voltage.  For  heating  the  sphere a direct   current  source 
was used t h a t  w a s  f e d  by a s torage  bat tery  and had a very  constant  l ine  voltage.  

The inner  sphere was suspended i n   t h e   i n t e r i o r  of the  hollow  sphere so as 
t o  swing  on the  heating  wires.  By inclining  the  outer  sphere  with  the  suspension 
the  mutual  posit ion of the  surf  aces  could  be  varied  and  adjusted  to any desired 
eccen t r i c i ty .  

The outer  hollow  sphere w a s  maintained a t  constant  ambient  temperature 
through a cool ing  jacket   in  which  water  circulated. The sphere was evacuated 
with  the same high-vacuum  apparatus,  which was appl ied   in   the   apara tus   for   the  
r e f l e c t i o n  measurements,  and consisted of  two hemispherical   shel ls   that  were 
pressed  together  with a f lange made a i r t i gh t   w i th  vacuum grease. I t s  i n t e r n a l  
pressure was always  maintained  below lo-* millimeters of  mercury  during  the  tests 
in  order  to  suppress  the  heat  conduction  and  convection  of  the  intervening a i r  
layer .  



'\ 

The heat  conducted away by  the  heating  and  thermocouple  wires  entered as a 
measuring  error  of  the  transferred  radiation  energy.  This  heat l o s s  amounted t o  
about 0.5 percent  of  the  heating power and was taken  into  account .  The hea t  con- 
duction  and  convection i n   t h e  air layer f o r   t h e  vacuum used was negl igible .  The 
e l e c t r i c a l  power w a s  determined  by  measuring  the  current  and  voltage  with  pre- 
cision  instruments  and  the  temperature of the  inner   sphere was determined within 
an  accuracy of about 10 C so t h a t   t h e   r e l a t i v e   e r r o r  of t he  measured heat   t rans-  
f e r  and  of  the  other  radiation  magnitudes w a s  less  than  1 percent.  The measure- 
ments  were  not, however, always  reproducible  because  the  radiating  surface  of  the 
inner  sphere  slowly  varied  with  t ime  under  the  effect   of  the  temperature.  

From t h e  measurements  of the   t ransfer red   rad ia t ion   energy   the   fac tor  e1c2K 
could,  according to   equa t ion   (55 ) ,  be obtained as a func t ion  of the   eccent r ic i ty .  
The r e s u l t  i s  given i n  the  lower  half   of  f igure  41  (dashed  curve  and  plotted 
measuring  points). The emission  coefficients  and  eZ  and  the  dispersion 
coef f ic ien t  A were a t  f i r s t  s t i l l  unknown.  The theory w a s  t hen   app l i ed   fo r   t he  
determination  of  the  measured  results  by making t h e  computed  curve,  through a 
suitable  choice of the  emission  ra t ios   and  the  dispers jon  coeff ic ient ,   coincide 
with  the  measured  curve a t  two poin ts   (co l loca t ion   po in ts ) ,  namely a t  the   po in t  
6 = 0 (concent r ic   pos i t ion)   and   for  6 = 0.437, t h a t  is, a t  the   po in t  where t h e  
r e f l e c t i o n   f a c t o r  f1z1 assumes t h e  same va lue   0 .121   for   the  laws of t he  specu- 
l a r  and  Lambert re f lec t ions ;  on the   o ther  hand  care was t aken   t o   ob ta in  as good 
as possible  agreement  of  the  computation  with  the  results  measured.  There i s  t o  
be subs t i t u t ed  cl = 0.76  ( for   the  inner   sphere) ,  c Z  = 0.80 ( f o r   t h e   o u t e r  
sphere),  and A = 0.456 in   o rde r   t o   ob ta in   t he   so l id   cu rve   i n   t he   l ower   ha l f  of 
f igure  41. I n   t h e  example investigated  an  agreement  of  experiment  with computa- 
t i o n   f o r   t h e   c o e f f i c i e n t  c1c2K can  be a t ta ined   wi th in  a relat ive  deviat ion  of  
1 percent   and  the  theoret ical ly   predicted  var ia t ion  of   the  heat   t ransfer   with 
the   eccen t r i c i ty  i s  wel l   sa t isf ied.   Smaller   deviat ions  can  nautral ly  be ascr ibed 
to  the  simplified  assumptions  of  the  computation. 

I n   t h e  upper  half of  f i gu re  41 the   r e f l ec t ion   f ac to r s  f 1 2 1  (p lo t t ed   po in t s )  
computed from t h e  measurement r e s u l t s   a r e  compared with  those  obtained  from  the 
r e f l e c t i o n  laws and the i r   supe rpos i t i on .  The f igu re  shows tha t   t he   d i spe r s ion  
coef f ic ien t  h a l s o  depends on the   eccen t r i c i ty  6, t h a t  i s  on the  geometry  of 
t he  two- surf  ace  system. 

A s  an  example we s h a l l  compare various  approximate  solutions  for  the  radia- 
t i o n  exchange - as s tages  of an  increasing  approximation of the  computation t o  
the  real  s i tua t ion .  The computer, who knows nothing  of  the  emission  relations,  
w i l l  regard  both  surfaces as blackbodies  and  use  the f i r s t  rough  approximation 
E E K = 1. Considering  the  emission  factors  and  neglecting  the  reflections  leads 
to  the  Nusselt   approximation  with clc$ = = 0.608. The r e f l ec t ions  can be 
approximately  taken  into  account  by  treating  the  configuration  as  concentric 
spher ica l   sur faces   wi th  Lambert re f lec t ion   accord ing   to   equa t ion   (75)   wi th  
clcZK = 0.747, or by computing wi th   concent r ic   spher ica l   sur faces   for   specular  

1 2  
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Figure 41. - Dependence  of r e f l e c t i o n   f a c t o r  f and of  exchanged 121 radiant   energy on e c c e n t r i c i t y  6 for   eccent r lc   spher ica l   sur faces  
( r a t i o  of  r a d i i  K = 0.3).  

r e f l ec t ion   w i th   t he   f ac to r  cleZK = 0.638, which g ives   the  same emission  rela- 
t i o n s  as f o r   p a r a l l e l   p l a t e s .   I n   a c t u a l i t y  E ~ E Z K  f luc tua te s ,  depending on the 
adjusted  eccentricity,   between 0.690 and 0.745 and the  computation  with more re-  
f ined  account   of   the   ref lect ions comes ve ry   c lose   t o   t he  measured  values. 
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53. Ef fec t  of Directional  Distribution  of  Emission 

Thus far we have   taken   in to   account   on ly   the   d i rec t iona l   d i s t r ibu t ion   of  
t he   r e f l ec t ions .  For the  direct ional   dis t r ibut ion  of   the  emissions we assumed 
the  Lambert cosine law.  The computations,  on t h i s  basis, co r rec t ly   g ive   t he  de- 
pendence  of t he   hea t   t r ans fe r  on the   eccen t r i c i ty   fo r   eccen t r i c   sphe r i ca l  sur- 
faces. From t h i s  it can  be  concluded t h a t   t h e   d i r e c t i o n a l   d i s t r i b u t i o n  of t h e  
r e f l e c t i o n   c o e f f i c i e n t s  i s  the   p r inc ipa l   f ac to r   w i th   r e spec t   t o   t he  dependence  of 
the   hea t   t ransfer  on 6 whi le   t he   d i r ec t iona l   d i s t r ibu t ion  of the  emission  coef- 
f ic ien t   on ly   p lays  a subordinate  part. 

We sha l l   see   the   e f fec t   o f   the   d i rec t iona l   d i s t r ibu t ion   of   the   emiss ion  
coef f ic ien t ;   fo r  example, eccent r ic   spher ica l   sur faces   wi th  small r a t i o  of the 
r a d i i  K .  In   the  concentr ic   posi t ion  the  rays   f rom  the  inner   sphere  fa l l   a lmost  
perpendicularly on the  surface of the  outer   spherical   shel l ;   correspondingly  for  
the  computation  of  the  heat  exchange  the  emission  coefficient  cn i s  t o  be  sub- 
s t i t u t e d   i n   t h e   d i r e c t i o n  of the  surface  normals. If the  spheres   are   s i tuated 
i n  a very  eccentr ic   posi t ion  a lmost  a l l  angles  between 0' and 90' are   represented 
in   the  incidence  angles  of the  rays  and  an  emission  coefficient  averaged  over a l l  
d i r ec t ions   ( e .   g . ,   t o t a l   r ad ia t ion ) ,  i s  t o  be subst i tuted.  

Accordingly,   an  upper  estimate  of  the  effect   of  the  directional  distribution 
of the  emissions i s  given  by  the  ra t io  E / E ~  of the  emission  coeff ic ient  E of 
t he   t o t a l   r ad ia t ion   t o   t he   coe f f i c i en t   o f   t he  normal  radiation.  According 
t o   t h e  measurements  of E. Schmidt ( r e f .  2 )  t h i s   r a t i o   f o r   b r i g h t   m e t a l s  i s  on 
the  average  about 1.2; f o r  nonmetals  (depending  on  the  surface  roughness)  about 
0.95 t o  0.98. 

In  the  experimentally  investigated  problem  of  section 52 t h e   v a r i a b i l i t y  of 
c1c2K (and,  hence, t h e   e f f e c t  of the   d i rec t iona l   d i s t r ibu t ions   o f   the   re f lec-  
t ions)   cons t i tu tes   about  8 percent of the  value  for   concentr ic   posi t ion.  The e f -  
f e c t  of t he   d i r ec t iona l   d i s t r ibu t ion  of the  emissions  should amount t o  a maximum 
of 2 percent  since: (1) t h e  extreme  case  described i n   o u r  example (small r a t i o  
of r a d i i  K with  nearly  perpendicular  incidence  of  the  rays on the  outer  spher- 
i c a l   s u r f a c e )  does  not  apply and, ( 2 )  the  occurr ing  emission  factors   are   ra ther  
h igh   and   therefore   the   d i rec t iona l   d i s t r ibu t ion  of the  emissions must come close 
t o   t h e  Lambert cosine l a w  (as l imit ing  case  for   the  blackbody) .  

I f   t he   r ad ia t ing   su r f aces   a r e   b r igh t  metals, t h e   e f f e c t  of t h e   d i r e c t i o n a l  
dis t r ibut ions  of   the   emissions may amount  up t o  about 20 percent. But  then  the 
emission  factors are small and the   r e f l ec t ions   aga in   p l ay  a much g rea t e r   pa r t .  

O u r  example shows how t o   t a k e  an  approximate  account  of  the  directional 
d i s t r i b u t i o n  of t h e  E ~ I  Each individual  case of the  angles  of  incidence v 
represented  are   to   be  invest igated  and  the  emission  coeff ic ients   averaged  over  
these  angles   are   then  to   be  subst i tuted.  A s t i l l  more accurate  computation  re- 
quires   the  introduct ion of the E,, d i s t r ibu t ion   in   de te rmining   the   re f lec t ion  
f ac to r s .  
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54. Approach  and  Focusing E f f e c t s  

We wish t o   e x p l a i n   c l e a r l y  how t h e   r e f l e c t i o n   e f f e c t   a r i s e s  and f o r   t h i s  
purpose  the example of eccentr ic   spherical   surface  with small r a t i o  of t he  radii  

We s tar t  with a medium e c c e n t r i c i t y  and b r ing   t he   i nne r   sphe re   c lose r   t o  
the  nearest   point   of   the   outer   sphere.  The outer  sphere  then  receives more ra- 
diat ion  energy and, therefore ,   there  i s  a l so   an   i nc rease   i n   t he  amounts re- 
f l ec t ed .  The concentrat ion  of   the  ref lect ions  on  the  inner   sphere a t  t he   c loses t  
pos i t ion   causes   the   inner   sphere   to   rece ive  more back  ref lect ions  and  the ex- 
changed radiat ion  energy  to   decrease.  We sha l l   deno te   t h i s  phenomenon, which 
occws  bo th   for   specular   and  Lambert re f lec t ion ,   the   approach   e f fec t .  The de- 
pendence  of t he   hea t  exchange  on the  dimensionless  distance 6 f o r   t h e  examples 
of a sphere  and a plane w a l l  and   fo r  a c i r c u l a r   c y l i n d e r   p a r a l l e l   t o  a plane 
wall i s  control led  by  the  approach  effect .  

If we bring  the  inner  sphere  from a weakly eccen t r i c   pos i t i on   i n to   t he  con- 
cen t r i c   pos i t i on ,   t he   hea t   t r ans fe r  i s  only   s l igh t ly   a f fec ted   i f   the   ou ter   spher -  
ica l   sur face  i s  a Lambert r e f l e c t o r .  However, i f   t h i s   s u r f a c e  i s  a specular  re- 
f l e c t o r ,   t h e   r e t u r n   r e f l e c t i o n s  on the  inner  sphere  greatly  increase  and  the ra- 
diation  energy  correspondingly  decreases.  This phenomenon, which we s h a l l   c a l l  
the  focusing  effect ,   takes  place  because  the  outer  spherical   surface (as a con- 
cave  mirror)  combines  the  reflections and concentrates them a t  i t s  center. The 
focus ing   e f fec t  i s  a cha rac t e r i s t i c   o f   t he   specu la r   r e f l ec t ion  and dis t inguishes  
the  behavior   of   the   la t ter   f rom  the Lambert r e f l ec t ion .  

These two preceding  notions  enable a predict ion of t h e   e f f e c t  of t he   r e f l ec -  
t i o n s  and make it p o s s i b l e   t o  judge how the   r e su l t s   dev ia t e  from  each  other,  ac- 
cording t o   t h e  laws of specular and  Lambert re f lec t ion .   Larger   devia t ions   a re   to  
be  expected i f  the  focusing  effect   p lays   the  deciding  par t   (e .g . ,   in   the  case of 
the  two-surface  system, i f  one surface i s  uniformly  and  concavely  curved),  hence, 
spec i f ica l ly   for   concent r ic   spher ica l  and c i rcu lar   cy l indr ica l   sur faces .  On the  
contrary,   for   i r regular ly   curved  surfaces  no l a rge   dev ia t ions   a r e   t o  be  expected 
and  the  computations may be  conducted  approximately  with  the more simple of t he  
two r e f l e c t i o n  laws alone,   that  i s  with  the Lambert l a w .  For t h i s   r ea son   t he  
theory of the Lambert r e f l e c t i o n  was developed  beyond the  limits of  the  specular 
r e f l ec t ion .  

The thermal   radiat ion  propert ies  of a technical  surface  can  be  character-  
i zed  by i t s  emiss ion   and   re f lec t ion   coef f ic ien ts .  An experimental  apparatus i s  
descr ibed  for   measuring  the  ref lect ion  coeff ic ient  as a function of the   inc ident  
and r e f l e c t i o n   d i r e c t i o n .  A r ad ia t ion   sou rce   i r r ad ia t e s  a surface,   g iven  in   the 
form  of a tes t   p la te ,   wi th   def in i te   in tens i ty   and   in   the   g iven   angle   o f   inc i -  
dence. A radiat ion  measuring  apparatus   catches  the  ref lect ions  in  a small s o l i d  
angle   region  in   the  ref lect ing  direct ion  under   considerat ion.  The d i r e c t i o n a l  



d i s t r i b u t i o n  of t he   r e f l ec t ion   coe f f i c i en t   c l ea r ly   depends  on the  angle  of i n c i -  
dence. All t ransi t ions  are   possible ,   f rom  the  purely  specular   to   the  s t rongly 
s c a t t e r i n g   r e f l e c t o r .  The absorpt ion  coeff ic ients   can be obtained  by  integrat ing 
over a l l  directions  of  the  half-space.  

A contr ibut ion i s  made to   t he   t heo ry   o f   hea t   t r ans fe r  by  radiation: The 
computations  are  based  both on the  l a w  of  specular  reflection,  according t o  which 
a radiat ion  energy with incidence  angle v i s  reflected  with  equal  angle  of  re- 
f lect ion  in   the  incidence  plane,   and on t h e  Lambert l a w  of ref lect ion  according 
t o  which the   re f lec t ions   a re   d i s t r ibu ted   in   accordance   wi th   Lamber t ‘ s   cos ine  l aw.  
The superposit ion of t he   r e su l t s   g ives   t he   r e l a t ions   w i th  good approximation as 
i s  shown by t h e   t e s t s   f o r   t h e  example  of the  concentric  spheres.  
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TABLE 1. - REFLECTION  COEFFICIENT p ' FOR 

c Surf ace 

Black-oxidized  brass 

White  paper 

I Anodically  oxidized  anticorodal 

~ = p = 3 0  0 

0.506 

.646 

77.2 

450 

0.710 

.798 

89.5 
- 

60' 

2.27 

1.50 

184.4 

TABLE 2. - AVERAGE RFFLECTION  COEFFICIENTS E 
FOR WRITE PAPER 

[Emission  temperature, Te = 905O C. ] Ro: 
60' 

0 15' 

485  0.464 

390 1 .374 
" 

I 300 

0.396 

.344 

7 5O 

17.4 

10.2 

7 70 
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TABIX 3. - REFIXCTION AND ABSORPTION 

c o m r c m s  AS FUNCTION OF 

IJ!$CIDEXTT ANGLE FOR BLACK- 

OXIDIZED  BRASS AND 

WHITE PAPER 

Surf ace 

Black-oxidized  brass 

White paper 

V 

0, 30' 
60 

0, 300 
60' ! 9 10 910 

90 5 
905 

0.086 
.lo5 
.222 
.240 
:] 0.914 

TABU 4. - ABSOFPTION  COEFFICIENTS DETERMINED FROM 

FZFLECTION M E A S W T S  

[Te = emission  temperature;  surfaces  are a t  
room temperature. 3 

Surf ace 

Black-oxidized  brass 

White paper 

White  pine 
Calors tea   ( s tea t i te   subs tance)  
Anodically  oxidized  anticorodal 
Sandblasted  anticorodal 

Fe i n  
OC 

520 
9 10 
535 
905 
9 10 
905 
9 20 
920 

1 - P, 

" 

0.889 
.914 
.848 
.778 
.813 
,567 

. .636 
.510 

1 - P  

3.870 
.891 

.753 
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